Advanced Algorithms



Balls and Bins

m balls

uniformly & independently

n bins
birthday problem, coupon collector problem,

occupancy problem, ...



Random function
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1-1 birthday problem
oh-to coupon collector

pre-images

occupancy problem




Birthday Paradox

Paradox:

(i) a statement that leads to a contradiction;
(i) a situation which defies intuition.

birthday paradox:

Assumption: birthdays are uniformly & independently distributed.

In a class of m>57 students, with >99% probability,
there are two students with the same birthday.

m-balls-into-n-bins:
E: there is no bin with > 1 balls.




Birthday Paradox

m-balls-1nto-n-bins:
E: there i1s no bin with > 1 balls.

suppose balls are thrown one-by-one:

Pr|£] = Pr[no collision for all m balls]

chain rule




Birthday Paradox

m-balls-1nto-n-bins:

E: there i1s no bin with > 1 balls.

Taylor's expansion:
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Birthday Paradox

m-balls-into-n-bins: k
E: there i1s no bin with > 1 balls. H ( )
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m = 0(y/n) for constant e "




Coupon Collector

(cover time)

coupons in cookie box

each box comes with a
uniformly random coupon

number of boxes bought
to collect all n coupons

=
_

number of balls thrown
to cover all n bins




Coupon Collector

X - number of balls thrown to make

all the n bins nonempty X — 2 :X
— 1

X;is geometric!
X, =4 . 1 — 1
with p; =1
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Coupon Collector

n

~ number of balls thrown to make X — X
X all the n bins nonempty Z ‘

1=1
Y. - number of balls thrown while there 1 n
* " are exactly (i-1) nonempty bins EX;|=— = T
- pPi  Mm—1
EX]=) E[Xi] |inearity of expectations
i=1

Expected nlnn 4+ O(n) balls!

Harmonic number




Coupon Collector

number of balls
X :thrown to make all the
n bins nonempty

'Theorem: For ¢ > 0

PrlX >nlnn+cn|] <e °

Proof: For one bin, it misses all balls with probability

( 1>nlnn—|—cn
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Coupon Collector

number of balls Theorem: For ¢ > ()

X :thrown to make all the e
n bins nonempty PI[X > nlnn + CTL] <€

Proof: For one bin, it misses all balls with probability
1

nec
For all n bins, union bound!

<

Pr|d a bin misses all balls| < n - Pr{one bin misses all balls]

1
<n- —e ¢
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Coupon Collector

number of balls Theorem: For ¢ > ()

X :thrown to make all the e
n bins nonempty PI[X > nlnn + CTL] <€

a sharp threshold:
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lim Pr[X >nlnn+cn|=1—e"°
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Occupancy Problem
(load balancing)

m balls

X17X2 7777 Xn

loads of bins

maximum load?



Occupancy Problem

n bins

1=1

X17X27°°°7Xn

1 loads of bins
T




Occupancy Problem

Imax E[XZ] —

m
1<i<n T

Theorem:

If m = n, the max load is O (lrllrllr?n)
with high probability.

w.h.p.: Pr=1-0(=%) or Pr=1—o(1)



n balls into 7 bins:

Pr| bin-1 has > ¢ balls |

< Pr[d a set S of ¢ balls s.t. all balls in .S are in bin-1 |

n 1
<t> nt
union bound
< Z Pr[all balls in S are in bin-1]

set s of ¢ balls

<i<n> :n(n—l)(n—z)...(n—t+1) <l . (e>t

nt \ t tint = ¢ t

Stirling approximation



n balls into 7 bins:

t
Pr| bin-1 has >t balls| < (%)

Pr| max load >t| = Pr[d bin-i has > ¢ balls]

< nPr[ bin-1 has > ¢ balls ] union bound
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Occupancy Problem

Theorem: 3 balls into 7 bins:

If m = n, the max load is O (lﬁfn)
with high probability:.




Occupancy Problem

Theorem: 1 balls into 7 bins:

If m = n, the max load is O (lrﬁr?n)
with high probability.

When m = Q(nlogn), the max load is O(™)
with high probability

balls =100, bins =100 balls =2000, bins =100

il kada

100

balls =600, bins =100 balls 5000 bins =100

Lmumm M




Balls-into-bins model

throw m balls into n bins e The threshold for

uniformly and independently being 1-1 1s
m = O(y/n).
uniform random function e The threshold for
f:m|] — |n] being on-to is

m = nlnn+ O(n).

1-1 birthday problem e The maximum load is

Inlnn

O™ for m = Q(nlnn).

on-to coupon collector {O( mn_y - for m = O(n),

pre-images [ occupancy problem




