Advanced Algorithms



Load Balancing

m balls

uniformly & independently

nbins §__ 1

loads: X ) O X,

( # of balls :
in each bin ) maximum load?



Balls-into-Bins Model

“m balls are thrown into n bins
uniformly & independently at random”

uniform random h: [m] —[n]

* birthday problem: probability of & being 1-1

nﬁl (1—%) ~ exp (—?—;) — ¢ for some m:@(,/nm%)

* coupon collector: probability of & being onto

1\" _ :
Pr|not on-to] §n<1—5> <e “ f m>nlnn+clnn

throwing balls until | E[ # of balls used]
no empty bin: =n H(n) =nln n +0(n)

* |oad balancing: # of balls in bin i is X; = |A-1(i)|
max loads?




Balls-into-Bins Model

“m balls are thrown into n bins
uniformly & independently at random”

uniform random h: [m] —[n]
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Balls-into-Bins Model

“m balls are thrown into n bins
uniformly & independently at random”

uniform random h: [m] —[n]

* |oad balancing: # of balls in bin i is X; = |h-1(i)|

max; E[Xl] = E
mn
symmetry: every X; is identically distributed

all E[X;] are the same

linearity of expectation:
YiE[Xi)]| =E[X:Xi|=E[m]=m



Balls-into-Bins Model

“m balls are thrown into n bins
uniformly & independently at random”

uniform random h: [m] —[n]

* |oad balancing: # of balls in bin i is X; = |h-1(i)|

When m = 0(n) :

logn
max load max; X; =0 ( 5

log 1Ogn> with high probability.

When m = Q(n log n) :
max load max; X; = O (@) with high probability.

n

with high probability (w.h.p.): with probability 1-O(1/n)



Concentration

Flip a coin for many times:

ips =1 flips =5 flips = 50 flips = 500 flips = 500000
1 1 1 1
10.8 108 1081 1081
10.6 106 106 106

10.4 10.4 04 04

10.2 0.2 0.2 0.2




Chernoff Bounds

Life in Los Angeles

Herman Chernoff

)
! ,—]
A
\ fg\\ r
> i}r’ %)
RV ANAL S %?SE ]
: - . X COMMUNITY ANALYSES B M.

5\

Sou ANGEL
/

)
5 B Z
h o




Chernoff bound:

For independent trials X, Xo,..., X;, € {0, 1}.
Let X =37, X;, and u=E[X].

For any 0 > 0,
[ o0

\ (1+ 5)(1+6) J

PriX=(1+0)u] <

PriIX<(1-0)u] <




Chernoff Bound
independent X, Xo,...,X,, € {0,1}

X:Zn:Xi EX]|=u

0<o<1:




Balls-into-Bins

® m-balls-into-n-bins: max load <? w.h.p.

X7i: load of the first bin

& 1 ball j goes to bin i
1 ]2:1 & N {O otherwise
. . 1 m
Xj :Bmomlal(m,—) u=E[Xj] = —
n n
Chernoff bound:
( o0 \ 4

PriX=(1+0)u] <




X71: load of the first bin

: . 1 m
X] = Blnomlal(m, —) u=E[X;]= —

n

Chernoff bound:

PriX; = (1+0)u] <

Form=n, u=1.

Pr[XlzL]se— Siz when L =
n

L
elnn

Inlnn

elL

union bound:

Pr

1
max X; =L <n-PriX;=L]<—

1<i<n n

max load is O(log n/loglog n) w.h.p.



X71: load of the first bin

1
X7 = Binomial (m, —)

n

Chernoff bound:
Pr(X; =t <2 'fort=2eu

Form=nlnn, u=Inn.

2em |

Pr|l|X;=——

n

= Pr[X; = 2eu] <272 < p72¢lnn o

union bound:

Pr

1<i<n

2em |
max X; = ——

n

max load is O(m/n) w.h.p.

_E(X ] = =
H=ElAl=—

<n-Pr|X

2em
1 = ——

n

<

1

12

1
n



Balls-into-Bins Model

“m balls are thrown into n bins
uniformly & independently at random”

uniform random h: [m] —[n]

* |oad balancing: # of balls in bin i is X; = |h-1(i)|

When m = 0(n) :

logn
max load max; X; =0 ( 5

log 1Ogn> with high probability.

When m = Q(n log n) :
max load max; X; = O (@) with high probability.

n

with high probability (w.h.p.): with probability 1-O(1/n)



Chernoff bound:

For independent trials X, Xo,..., X;, € {0, 1}.
Let X =37, X;, and u=E[X].

For any 0 > 0,
[ o0

\ (1+ 5)(1+6) J

PriX=(1+0)u] <

PriIX<(1-0)u] <




A Generalization of Markov’s
Inequality

Theorem:
For any X, for h: X — R™, for any > 0,

E[h(X)]
_—

Pr(h(X)=t] <




Moment Generating
Functions

Definition (moment generating functions):

The moment generating function of X is

M(A) = E [e”].

Taylor’s expansion:

E|e'Y| =E Z - M k| —!E[Xk]




independent X, X,,..., X, €{0,1}
X=5% X, E[X] = u
i=1

PriX > (1+0)u] <7 for
< Pr[eaxz e)t(1+5)u] _

@ -7 %] —E|[] | =]E[e

=1 J 1=1

AX; ]

Independencel



independent X, X,,..., X, €{0,1}




independent X, X,,..., X, €{0,1}




independent X, X,,..., X, €{0,1}

X=5% X, E[X] = u
1=1
A >0
1) \¥

0.5

‘when A =In(1 + 6)




independent X, X,,..., X, €{0,1}

X=5% X, E[X] = u
i=1
Pr|X > (1+9)u for A > 0
AX_ AQ+u] (¢ 0)
< Pr[e =€ ] = eM1+0)

e? H
whenA=In(1+0) =— (
(1+6)0+0)



independent X, X,,..., X, €{0,1}

< ((1+5)(1+6) when A =In(1 + 0)



Chernoff Bound
independent X, X,,..., X, €{0,1}

1=1

Pr[X > (1+90)u| = ( ¢ )H

(1+6)1+0)




Chernoff Bound
independent X, X,,..., X, €{0,1}

X=5% X, E[X] = u
1=1

PriX < (1-9)u
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For any A <0,

AX o ,A(1-0) E[e™]
PriX =(1-0)ul =Pf[€ =€ H] = SA0-o)p



Chernoff Bound
independent X, X,,..., X, €{0,1}

65 g
Pr[X > (1 +6)pu] < ((1 n 5)<1+5>>




Chernoff Bound
independent X, X5,...,X,, € {0,1}

i=1
t > 0:
212
Pr[X > E[X] + t] < exp
n

Pr[X < E[X] — {] < exp ( 2t2>

- T



Hoeffding’s Bound

independent X1, Xo,...,X,, with X; € |a;, ]

let X = ZXi
i=1
t > 0:
PrlX > E[X]+1t < ( 2 )
1§ = ~ €XP n
Zi:1(bi — a;)?

Pr[X < E[X] —t] <exp ( Z@_l(zbi — CL@')2>



Hoeffding’s Lemmma

random variable Y € |a,b] with E[Y] =0

'|> 2] < oA (b—a)? /8

independent X1, Xo,...,X,, with X, € |a;, ]

X=> % let Y =X—E[X] ::> L[] =E[Yi] =0
= Y, = X, —E[X,] Y r-Yv
1=1

Pr(X —E[X] > t] = Pr[Y > t] <e ME[e™] for \ >0

B T | A2 2 5 2t2
— e M H E[e*] <ex (At Ty 2 (bi— ) )S P <_ D iep (b — az’)2>
1=1 .

1=1

At
when ) = ST

i—1(bi — ai)2



Hoeffding’s Lemma

random variable Y € |a,b] with E[Y] =0

'|> 2] < oA (b—a)? /8

independent X1, Xo,...,X,, with X, € |a;, ]
X=X, let Y =X-— 43:X]:l|> Y] =E[Y;] =0
=1 Y; — Xz — *’::Xi] ZY
PrX —E[X] < —t] =Pr[Y < —t] <eME[M]  for ) < 0

n
AY; NS 2 2t°
M LB oo [ <o (i)

—A4t
Z?:1<bi - ai)2

when )=



Hoeffding’s Bound

independent X1, Xo,...,X,, with X; € |a;, ]

let X = ZXi
i=1
t > 0:
PrlX > E[X]+1t < ( 2 )
1§ = ~ €XP n
Zi:1(bi — a;)?

Pr[X < E[X] —t] <exp ( Z@_l(zbi — CL@')2>



The method of bounded differences

Independent random variables: X=(X1, X2,..., X»).
f(x1, x2,..., x,) satisfies the Lipschitz condition:

‘f('xl, ...,Xn) 'f(X],..., Xi-1, )71, Xit1y eees Xn) | < Ci

for arbitrary possible values xi, ..., xx, y:.

t > 0:

Pr[f(X) = E[f(X)] + 1] < exp ( 227;_1 Cz)

Pl (X) < BLF(X)] — ] < exp (~ 35— )




Occupancy Problem

] —

® m-balls-into-n-bins: 1 bin iisempty
0 otherwise

® number of empty
bins!?

# empty bins: X =) X;
i=1

EX] =Y EIX;] = n(l — l)
i=1 n

Xi are
deviation:  Pr[|X —E[X]| = 1] <2 dependent



Occupancy Problem

® -balls-into-n-bins:

® number of empty
bins!?

# empty bins: X

deviation:
Pr(| X —E[X]| = ] <?

Y;: the bin of ball j (Lndependent!)

X=f(V,....Ym) =Inl-{¥1,..., Ynll

Lipschitz:

changing any Y; can change X for at most 1

> PrIX-E[X]|= ry/m] <2e "



Pattern Matching

® a random string of length #,
® a pattern of length £,

® # of matched substrings!?

alphabet 2
2] =m

a fixed
pattern:

uniform & independent: Xj,.

o, Xn €2

Y : #substrings 7 in (Xq,..., X})

(1K
\m

E[lY]=(n—-k+1)

Deviation?

c >k



Pattern Matching

® a random string of length n, alphabet 2

® a pattern of length £, 12| =m

® # of matched substrings!? afixed sk
pattern:

uniform & independent: Xj,..., X, eX

Y:f(le---;Xn)

changing any X; changes f for at most k

> Pr|Y -E[Y]| = thkvn] <2e "2




Martingale

Definition:
A sequence of random variables Xj, Xi,...1s
a martingale if for all i > 0,

E[Xl ‘ XO) g --)Xi—l] — Xi—l



Azuma’s Inequality:
Let X, X1,... be a martingale such that, for all k > 1,

| Xk — Xk—11 = ¢k,
Then (

Pri|X;,, — Xo| = t] < 2exp

2

\ 222:16%



Generalization

Definition:
Yo, Y1,...1s a martingale with respect to Xy, Xi,...
if, for all i = 0,

e Y;isafunction of Xy, Xy,...,X;;

° E[Yi+l ‘XO)---)XZ'] — Yl



Definition:
Yo, Y1, ... 1s a martingale with respectto Xy, X,...
if, forall i =0,

e Y;isafunction of Xy, Xy,..., X;;

° E[Yi+l ‘XO)---;XZ'] — Yl

® Betting on a fair game;
® X. :win/loss of the i-th bet;

® Y. :wealth after the i-th bet -- Martingale (fair game)



Azuma’s Inequality (general version):

Let Yy, Y1,... be a martingale with respect to Xy, X3, ...
such that, forall k=1,

| Yi — Yi-1l| = cx,

Then
( $2 |

n 2 1°
| 2201 CF

Pr(lY,— Yyl =1t] <2exp




Doob Sequence

Definition (Doob sequence):

The Doob sequence of a function f with respect to
a sequence Xi,..., X, 1s

Y; =E[f(Xy,...,Xn) | X1,..., X]]

YOZE[f(XI)---)Xn)] """ > Yn:f(le---;Xn)



Doob Sequence

f@, @ e e @)

H/_/

averaged over
E[f] =,



Doob Sequence

randomized by

f(@’ (” (”(",” (’)

H/_/

averaged over

E[f| =¥, 1,



Doob Sequence

randomized by
—

f.(®’@’,”,”,”(’)
——

averaged over
E[f] =Y, 1, Y.



Doob Sequence

randomized by

——

f(®’@’@’(”,”,’)
N—

averaged over
E[f] :Y(), Y1, Yz, Y3,



Doob Sequence

randomized by

——
f(0,0,0,0,0,@)

averaged over
E[f] = Yo, Y1, Y2, Ys3, Ya,



Doob Sequence

randomized by

"N
f(0,0,0,0,0,@)

averaged over

E[f] = Yo, Y1, Y2, Y3, Ys, Y,



Doob Sequence

randomized by

HR
f(0,0,0,0,®,0)

no information full information
Elfl =Y, Y1, Yo, Y3, Ya, Vs, Y6 = f



Doob Martingale




Doob sequence:
Y' :E[f(lean) ‘ Xl)---)Xi]

Doob sequence is a martingale:

ED/Z | X17 s 7Xi—1] — }/:i—l

Proof:
ElY; | X1,..., Xi-1]

_BB[(X1 . Xo) | Xiveo X
—E[f(X1,.... X)) | X1,..., Xi_1

=Y

LX)



The method of bounded differences:

Let X = (Xq,...,X;;) and let f be afunction of Xy, Xi,..., X,
satistying that, forall 1 <i < n,

E[f(X) |Xl)---)Xi] _E[f(X)lxl)---)Xi—l]l = Cj,

Then
( 2 )

\zzzlz}

Pr||f(X)-E[f(X)]|=t] <2exp




The method of bounded differences:
Let X = (Xy,...,X;;) and let f be afunction of Xy, Xj,...

satistying that, forall 1 <i < n,

E[f(X) | X3,..., X;] —E[f(X) | X3,..., Xj 1] = ¢,

Y; Yi g
Then
(Azumc%) ( 2
r[| 0% — BIEEX| = 1] < 2exp
Yn YO \ 221 1 z
Doob martingale: Y; =E[f(X) ]| X;,..., X]]




The method of bounded differences:

Let X = (Xq,...,X};) and let f be afunction of Xy, Xj,...
satistying that, forall 1 <i < n,

(X | X 1

Then ard to check!

X1 -ELf 01 X, Xl £6

Pr||f(X)-E[f(X)]|=t] <2exp




i == s oy, €T | o7

Lipschitz Condition:

f(x1,...,x5,) satisfies the Lipschitz condition with
constants ¢;, 1 <i<n,if

f(xl»---;xi—l;xi;xi+1;---;xn)

_f(xl,---;xi—l;,)/i;le;---;xn) = (j.



Average-case:
E[f(X) | Xy,..., i1 —E[f(X) | X3,..., Xi1]l = ¢,

Worst-case:

Lipschitz Condition:

f(x1,...,x,) satisfies the Lipschitz condition with
constants ¢;, 1 <i<mn,if

f(xlr---)xi—lyxi)xi+1)---;xn)

_f(xly---,xi—l,J/i»le»---;xn) = Cj.




The method of bounded differences:

Let X = (Xy,...,X;,) be ranvn
ables and let f be a function satlsfymg the{Lipschitz}
condition with constants ¢;, 1 <i < n. Then

(2 )
\22111

Pr(|f(X)—E[f(X)]|=t|<2exp




The method of bounded differences:

Let X = (X;,...,X};) be n independent random vari-
ables and let f be a function satistying the Lipschitz
condition with constants ¢;, 1 <i < n. Then

(2 )
\22111

Pr(|f(X)—E[f(X)]l=t|<2exp

Proof:

Lipschitz condition
+ bounded averaged

differences

independence



