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Knapsack Problem

Instance: nitemsi = 1,2,...,n;
weights wy, ...,w, € ZT; values vy, ...,v, € Z7;
knapsack capacity B € Z;

Find a subset of items whose total weight
is bounded by B and total value is maximized.
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Knapsack Problem

knapsack capacity B € Z;

Instance: nitemsi=1,2,...,n
weights wy, ..., w € ZT; values vy, ...,

Findan S C {1,...,n} that maximizes )
subjectto ) . w; < B.
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Greedy Can Fail Badly

Instance: nitemsi = 1,2,...,n;
weights wy, ...,w € ZT; values vy, ...,v, € Z~;
knapsack capacity B € Z;

Findan § C {1,...,n} that maximizes Zl o Vi
subjectto ) . w; < B.

Greedy Fit:

Sort items non-decreasingly in v./w;
scan items one-by-one in that order, for each item:
iInclude the item in the knapsack if it fits;

approximation ratio: arbitrarily bad



Dynamic Programming

Instance: nitemsi = 1,2,...,n;
weights wy, ...,w, € Z7; values vy, ...,v, € Z~;
knapsack capacity B € Z7;

e Define:

A(i,v) £ minimum total weight of S C {1,2,...,1}
with total value exactly v

A(i,v) 2 oo if no such S exists

* Answer to the knapsack problem:
max {v | A(n,v) < B}



Dynamic Programming

Instance: nitemsi = 1,2,...,n;
weights wy, ...,w, € Z7; values vy, ...,v, € Z~;
knapsack capacity B € Z7;

 Define:
‘ . C Vgt v = .
| min 3. oW, if 3SC {1,...,i} s.t. v ZSVJ
A(Z,V) — Lies V=" JE
00 otherwise

* Answer to the knapsack problem:
max {v | A(n,v) < B}



Dynamic Programming

Instance: nitemsi = 1,2,...,n;
weights wy, ...,w, € Z7; values vy, ...,v, € Z~;
knapsack capacity B € Z7;

A(i,v) 2 minimum total weight of S C {1,2,...,1}
with total value exactly v

» Recursion: forl <i<nmnand 1 <v<V= Zivl.

A(l,v) = min {A(i - 1v),A(G—1,v—v) + wi} fori > 1

A(ly) = {wl ifv =y, Dynamic Programming:
’ o0  O.W. Table size: n X V.

o Output: max {v | A(n,v) < B} Total time cost: O(nV).




Computational Complexity

e decision problem f: {0,1}* — {0,1}
. formal language L C {0,1}* L= {x€ {0,1}*| f(x) =1}
 poly-time Turing machine (algorithm) M:  dc¢ > 0

. Vx € {0,1}*, M(x) terminates within O(j| ) steps

= length of x (U biks)

« P, NP: classes of formal languages (decision problems)
« [ € P: dpoly-time TM M decides L

e M(x)=1iffx €L
« L. € NP: d polynomial p( - ) and poly-time TM M that verifies L

« x € L = d certificate y € {0,1}* of length p(|x]|), M(x,y) = 1;

e x¢& L= Vy e {0,1}* oflength p(|x]|), M(x,y) = 0;




Dynamic Programming

Instance: nitemsi = 1,2,...,n;
weights wy, ...,w € ZT; values vy, ...,v, € Z~;

knapsack capacity B € Z™;

* Polynomial-time Algorithm A:
J¢ > 0, Vinput x, A(x) terminates within O(|x|°) steps

| x| = length of input x (in binary code)

« Pseudo-polynomial-time Algorithm A:

above definition (except Dynamic Progr aL
| x| = length in unary code) Table size: PSP

YV = Zivi Total time @6\6’&8 E




Scaling & Rounding

Instance: nitemsi = 1,2,...,n;
weights wy, ...,w, € Z7; values vy, ...,v, € Z~;
knapsack capacity B € Z7;

DP with truncated precision:
Set k = (to be determined);
fori = 1,2,...,n: letv, = Lvl-/kJ;

return the knapsack solution found by DP using
new values v; (but old weights w; and capacity B);
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Scaling & Rounding

Instance: nitemsi = 1,2,...,n;
weights wy, ...,w, € Z7; values vy, ...,v, € Z~;
knapsack capacity B € Z7;

DP with truncated precision:
Set k = (to be determined);
fori =1,2,...,n: letv, = Lvl-/kJ;

return the knapsack solution found by DP using
new values v; (but old weights w; and capacity B);

« Complexity: O(nV’') = O(nV/k) V' = Zi"i’

* Soundness: the output must be a feasible solution of the
original instance since weights and capacity are unchanged.



Instance: nitemsi = 1,2,...,n;
weights wy, ...,w, € Z7; values vy, ...,v, € Z~;
knapsack capacity B € Z7;

DP with truncated precision:
Set k = (to be determined);
fori =1,2,...,n: letv/ = Lvi/kJ;

return the knapsack solution found by DP using
new values v; (but old weights w; and capacity B);

« 5% : optimal knapsack solution of the original instance
Vi Vi /
orr=Y v=k ¥ % <k Y ( ? +1> <k Y+ nk
1eS* eS* 1ES* eS*

« S : solution returned by the algorithm ) :
>
(optimal solution of the scaled instance) = 2 Y Z Y

SOL=Zvi Zkz % =k2vi’ Zkzvi' .2 OPT — nk

€S eSS - - eS 1eS*




Instance: nitemsi = 1,2,...,n;
weights wy, ...,w, € Z7; values vy, ...,v, € Z~;
knapsack capacity B € Z7;

DP with truncated precision:
Set k = (to be determined);
fori =1,2,...,n: letv/ = Lvi/kJ;

return the knapsack solution found by DP using
new values v; (but old weights w; and capacity B);

« Complexity: O(nV/k) = O (nzvmaxlk) V= Zivi < MViax

* Approximation ratio:

SOL k nk
SOL > OPT — nk =—> >1——2 >
OPT OPT o

* WLOG, assume: OPT > v_.. = max;yv;




Instance: nitemsi = 1,2,...,n;
weights wy, ...,w, € Z7; values vy, ...,v, € Z~;
knapsack capacity B € Z7;

» For arbitrary 0 < € < 1:

DP with truncated precision:
Set k = {6 * Vinax/ nJ where v_.. = max; v;
fori =1,2,...,n: lety, = Lvi/kJ;

return the knapsack solution found by DP using
new values v; (but old weights w; and capacity B);
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Approximation Ratio

e Optimization problem:
* instance [I: OPT(I) = optimum of instance [
e algorithm &/: SOL,(I) = output of & on instance /

« Minimization: algorithm & has approximation ratio o > 1

SOL /(1)
if V instance [ : <a
OPT(1)

« Maximization: algorithm & has approximation ratio ¢ < 1

SOL /(1)
if V instance [/ : > o
OPIT(1])

o c-approximation:

(1 — €)OPT(I) < SOL (1) < (1 + €)OPT()

(maX|m|zat|on) (minimization)



PTAS and FPTAS

e Optimization problem:

* instance [I: OPT(I) = optimum of instance [

e algorithm &/: SOL /(¢,1) =outputof Aonland 0 <e < 1
e c-approximation:

(1=e)OPT() < SOL (e,1) £ (1+¢)OPT(1)

(maximization) (minimization)

Algorithm & is a PTAS (Polynomial-Time Approximation Scheme)
if for every 0 < € < 1 and instance [, it returns an e-approximation
in poly(|/|) time, where || is the length of I in binary code.

Algorithm & is a FPTAS (Fully Polynomial-Time Approximation
Scheme) if for every 0 < € < 1 and every instance I, it returns an
e-approximation in poly(1/e, [ I|) time.




Instance: nitemsi = 1,2,...,n;
weights wy, ..., w € ZT; values vy, ...,v, € Z~;

knapsack capacity B € Z™;

» For arbitrary 0 < € < 1:

DP with truncated precision:
Set k = {e - vmax/nJ where v_.. = max; v;
fori =1,2,...,n: letv, = Lvi/kJ;

return the knapsack solution found by DP using
new values v; (but old weights w; and capacity B);

3
. Complexity: O (nzvmax/k) =0 (%)
FPTAS
« Approximation ratio: OTfJT > 1 vnk > 1—¢

Are FPTASs the "best” approximation algorithms?



