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Counting (labeled) trees
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Cayley’s formula:

There are n™ 2 trees on n distinct vertices.
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Prufer Code

leaf : vertex of degree 1

removing a leaf from T, still a tree

1h=1T1;

fori=1 to n-1

a 1 ui: smallest leaf in 7;;
T (ui,vi) : edge in T;;

Ti+1 = delete u; fromT;;

ui: 2.4.5.6.3.1 Prufer code:
vii 4,3,1,3.1,7 V1, V2, ooy Vi)



edges of T': (u;,vi), 1<i<n-1

n is never deleted

» , u; . smallest leaf in 7; }
ol = IZ: > wi#En
a tree has >2 leaves ’

I Only need to recover
every u; from (vi, vi, ..., Vn2).

u; is the smallest number not in

@ {ul,...,ui_l}u{vf,;,...,vn_l}

ui: 2,.4,5,6,3,1
vi 4,3,1,3,1,7

V1, V2, ... , Vi2)



u; is the smallest number not in
{U]_, c e ,ui_l} @ {U/i, ce ,Un_l}

V vertexvin 1,
# occurrences of v in ui, ua, ... , Un-1, Vi1 © |
# occurrences of v in edges (u;,v;), l<isn-1: degrn(v)

T :
i # occurrences of v in
4 ? 1 Prufer code: (vi,va, ..., Vn2)
© degr(v)-1




u; is the smallest number not in
{ul, c e ,ui_l} @ {Uq;, ce ,Un_l}

V vertex v in 1;,
# occurrences of v in u;, ui+1, ... , Un-1, Vi1 & |
# occurrences of v in edges (u;,)), isj<n-1:  degy, (v)

# occurrences of vin (vi, ... , Vi2)
? 1 ngTi (U) — 1
© leaf v of T;:

: IN {Ui, Uitl, ... , Un-1, Vn-
ui: 2+4,5,6,3, 1 {utis Uists s Unt, Vi)
not in {Vi, Vis1, ... , Va2}

u; . smallest leaf in 7;



u; is the smallest number not in

{Ul,..

. ,ui_l} U {Uq;, ..

°7vn—1}

T = empty graph;
Vn-1 =N,
fori=1 to n-1
u; . smallest number not in
{ut,....ui.1 yU{vi,....,ve-1}

add edge (u;,vi) to T;




Prufer code is reversible E:> 1-1
every (vi,v2,...,0p—2) €1{1,2,... n}nTe

is decodable toatree = > onto

Vu-1 =N,

I : i T = empty graph;
4 © I

fori=1 to n-1
(6) u; . smallest number not in
{ut,... . ui-1 }U{vi,....vn-1}

add edge (u;,vi) to T;




Prufer code is reversible E:> 1-1
every (vi,v2,...,0p—2) €1{1,2,... n}nTe

is decodable toatree = > onto

| Cayley’s formula:

There are n™ 2 trees on n distinct vertices.



Double Counting




T, : # of trees on n distinct vertices.

i # of sequences of adding directed edges |
{to an empty graph to form a rooted treej

From a tree:

* pick a root;
/ e pick an order of edges.

O O T, n(n—1)!

(5 = nlT,




T, : # of trees on n distinct vertices.

i # of sequences of adding directed edges |
jto an empty graph to form a rooted tree]

From an empty graph:

* add edges one by one




i # of sequences of adding directed edges |
{to an empty graph to form a rooted treej

From an empty graph: ¢ add edges one by one

rooted trees

O O Each step joins 2 trees.



i # of sequences of adding directed edges |
{to an empty graph to form a rooted treej

From an empty graph: ¢ add edges one by one

Start from n rooted trees.
/®\3 5 9 After adding k edges

10 n-k rooted trees
add an edge

any root of
vertex another tree

n n-k-1




i # of sequences of adding directed edges |
{to an empty graph to form a rooted treej

From an empty graph: ¢ add edges one by one

n—2 Start from n rooted trees.
kli[o n(n—k—1) After adding k edges

n—1 n-k rooted trees

|
S
i
—
7

add an edge

any root of
—n n! vertex another tree

n n-k-1



i # of sequences of adding directed edges |
{to an empty graph to form a rooted treej

From a tree: From an empty graph:

® pick a root; * add edges one by one
* pick an order of edges. n

n(k —1)
T,n(n—1) kll

— nlT, _ nn—Qn!




Cayley’s formula:

There are n™ 2 trees on n distinct vertices.
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Graph Laplacian

Graph G(V.,E)
adjacency matrix A

1 {ijteE
0 {6,j1¢FE
diagonal matrix D

N

A(t,7) = «

graph Laplacian L
L=D-A

IC\ 02
40O 03
”
d, 0O
D — .
0
d,
3 —1 -1
— 2 —1 0
—1 -1 3 —1
1 0 -1




Graph Laplacian

L1 i)
graph Laplacian L IQ Q2
deg(i) =7
0 otherwise
40O O3
L4 I3

quadratic form:

Lz’ Zdaz—zx%— Zﬂfi_%’)Q

ijEE z’jEE
incidence matrix B: n X m

_ T
Bi,e) =4 —1 e={i,j},i>] L=bb

reVieck L e={ij}i<]
0 otherwise



Kirchhoff's matrix-tree theorem

L;; : submatrix of L by removing

ith row and ith collumn
l

t(G) :number of spanning trees in G



Kirchhoff's matrix-tree theorem

L;; : submatrix of L by removing
ith row and ith collumn

t(G) :number of spanning trees in G

Kirchhoff’s Matrix-Tree Theorem:
Vi, U(G)=det(L;;)



| Kirchhoff’s Matrix-Tree Theorem:
V1, t(G) — det(Li,i)

Bi: (n—1)xm

incidence matrix B removing ith row

L = BB*

Li; = B;B;  det(L;;) = det(B;B] ) =7



Cauchy-Binet Theorem:

det(AB) Z det( Ay, s) det(Bg n))
Aem s B :mXxn
S
A B
H/—/




Cauchy-Binet Theorem:

det(AB) = ) = det(Ap,)s)det(Bg )



det(L; ;) = Z det(B[n]\{i}75)2
se(l™)

n—1

jen|\{it,ee S

1 e=1{j,k},j <k

Biniv,s(de) =9 -1 e={jk},j >k
0 otherwise

+1 S is a spanning tree of GG

det(Bn\fi1,8) = {O

otherwise



-1 S is a spanning tree of G

0 otherwise

B" = Bu)\{i},s

B’

(n—1) x (n—1) matrix:
every column contains

at most one 1 and at most one -1
and all other entries are

> det(B') € {~1,0,1}

det(B’) # 0 iff S is a spanning tree



det(B’) # 0 iff S is a spanning tree

S - - .
: S is not a spanning tree:

3 a connected component R
] s.t. 1€ R

B’ > det(B') =0

S is a spanning tree:

a leaf 51 # ¢ with incident edge ey, delete e;

a leat jo # ¢ with incident edge e, delete es

€1,€2,. .., €n—1

det(B’) = -

vertices: J1,J2,. - -
edges: eq,eq,...




Cauchy-Binet

det(L;;) = Z det(B[n]\{i}aS)2
Se(m™)

n—1

jen|\{it,ee S
L e={jk}j<k

Biniv,s(de) =9 -1 e={jk},j >k
0 otherwise

+1 S is a spanning tree of GG

det(Bn\fi1,8) = {O

otherwise



| Kirchhoff’s Matrix-Tree Theorem:
V1, t(G) — det(Li,i)

all n-vertex trees: spanning trees of K,

n—-1 -1 - =17
1 n—-1 - -1

-1 -1 - n-1

Cayley formula:

Tn — t(Kn) — det(Li,i) — TLn_Q



