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Symmetries




Symmetry

rotation

0) >
4 2 reflection

| >

configuration =z :[n] — [m X = [m]™

positions colors

permutation 7 : [n)] SN n|

on-to




Permutation Groups

group (G,-) with binary operator -: G x G — G
®* closure: m,oeG=m-0c€CG
* associativity: w-(o-7)=(w-0)- T
* identity: Jec G,VrcG,e-m=m
*inverse: VYrc(G.dJoecG,m-o=0-m=c¢
o=m 1

commutative (abelian) group: 7-oc=o0-7

symmetric group S, : all permutations
cyclic group C,, : rotations

Dihedral group D, : rotations & reflections



Permutation Groups

symmetric group S, : all permutations

w1 [n] 11 ]

cyclic group C,, : rotations
T=(012---n—1) m(¢) = (¢ +1) mod n

((012---n —1)) generated by (012---n —1)

Dihedral group D, : rotations & reflections

)
p(i) = (n —1) — i

generated by (012---n—1) and 7/



Group Action

g3 =>¢3
] X

configuration x :[n] = [m = [m]
permutation 7w : [n] 1'1 > [n] sroup G

(mox)(i) = a(m(i))

group action o:Gx X — X

* associativity: (m-0)ox =mo (0o x)
* identity: cox ==



Graph Isomorphism (Gl) Problem

input: two undirected graphs G and H
output: G = H?

@ ©
(5)—©)

T 9
(8)—@) .
O ©,
® Glisin NP, butis NOT known to be in P or NPC

® trivial algorithm: O(n!) time
® Babai-Luks ’83: 20(V710gn) time

n
vertices

10

Babai 2015: a quasi-polynomial time algorithm!
nPolylog(n) _ gpolylog(n)



String Isomorphism (SI)

input: two strings =,y : [n| = |m]
a permutation group G C S,
output: = =gy’ (o € Gs.t. cox=y)




String Isomorphism (SI)

input: two strings =,y : [n| = |m]
a permutation group G C S,
output: =gy’ (o € Gst. coxr=y)

a graph X(V.E) is a string
e (D) > oy o

0: no edge

positions «— vertex-pairs

. . . 1%
all permutations on V induces a permutation group on (2)
Johnson group: Sg) C S(v) onh vertex pairs
2

two graphs X = Y iff their string versions x §S§/z> Y



Orbits

0
5 | > 5 1
4 2 4 2
3
group action o:Gx X — X

orbitofx: Gx={rox|meG}

equivalent class of configuration x

X/G={{Gx |z € X}

our goal: count |X/G
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configuration =z :[n| — [m]

2 x O
4xo MeHTY

U= (n1,no,...,Mym) St MN1+N2o+- +nNpym=mn

ay : # of config. (up to symmetry) with n; many color i

pattern inventory :

(multi-variate) generating function

niy, n2

Fa(y1,92, - Ym) = Z ag Y1 Ya© Y



pattern inventory : (multi-variate) generating function

Fa(yi, Y2, ym) = ) ag yi'ys? -y

Gy : # of config. (up to symmetry) with n; many color i

X/G -

<< e
EBEBEIEIEILIEIER

Fpe(y1,y2) = y§ + yiy2 + 3y1ys + 3y3ys + 3y7ys + y1ys + s



k
T=0-)() (o) Mw(xlij,...,xn):Hiv&
1=1

k cycles

: 1
C)’Cle index: Pg(zi,z2,...,2,) = @ Z My (x1,22,...,2Tn)
e G

pattern inventory : (multi-variate) generating function

Fa(y1, Y2,y Ym) = Z ag Y1 Ys® Y

Gy : # of config. (up to symmetry) with n; many color i

Polya’s enumeration formula (1937,1987):

FG(ylay27°°°7ym) :PG (Zyzaz?%???z:y?)
=1 =1 1=1



FDzo (7“, q, l)
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Burnside’s Lemma

group action o:Gx X — X
orbitofx: Gx={rox|meG}
X/G={Gzx | x € X}

invariant set of 7t :

O
“*‘ Xp={re X |mox=ux}
@

Burnside’s Lemma:

1
X/G| = 1€l > |1 Xx]

TelG



group action o:Gx X — X

orbitofx: Gx={rox|mreG}
X/G={Gzx |z € X}
invariantsetof . X ={zre X |noz =2x}

stabilizerof x: G, ={re€G|mox =12}

Lemma: vz e X, G.||Gx| = |G

0 otherwise

1 —
A(’]T,;U){ mTOoXx X

Xl = > A(r, ) Gl =Y A(r,z)

reX Te@G



0 otherwise

1 —
A(T(,aj‘){ mToxX L

Xa| =) A(r,x) G| =)  A(r, )

reX el
double counting:

D XA =) Y Adma) =)D Amz) =) |G

TeG TG xeX reX meG reX

Lemma: vie X, |G,||Gz|=]|G

1
=161 2 fem

re X



Z|Xw\:|a|2ﬁ

WEG CEEX

orbits: X1, Xo,..., X|x/¢

a partition of X

| X/ G| | 1X/G) {
= |G| —— = |G|
2 e T4 L
| X/G]
= |G| Z 1 =|G||X/G
1=1
1 Burnside’s
X/G| = — X
> X/Gl G Z‘ ‘ Lemma

TelG



Burnside’s Lemma

group action o:Gx X — X
orbitofx: Gx={rox|meG}
X/G={Gzx | x € X}

invariant set of 7t :

O
“*‘ Xp={re X |mox=ux}
@

Burnside’s Lemma:

1
X/G| = 1€l > |1 Xx]

TelG



Cycle Decomposition

permutation 7 : [n) =

on—to> [Tl]

(L0 =) w2 )

(3 Lo §> — (02)(143)

e agb :
Tty Us) T4
—

il
— e O ¢




Cycle Decomposition

permutation 7 : [n] =

> [n]
on-to
. a= T b a b a&”’\ b

TR

dV\____/C d ¢ d\\__/c

ad————} 4 b(\ b a /D

O ¢
o o 6 " 8
w*c invariant > every cycle of 7t has
O TOX =1 the same color




0%&0 invariant > every cycle of 7T has
O TOX =1 the same color

k cycles

Xo| =z e X |moz =g} =m*

Burnside’s Lemma°

‘X/G| X _ m#cycle(w)
|G| 2 1Xxl = \G\ 2

mel Tel
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configuration =z :[n| — [m]

2 x O
4xo MeHTY

U= (n1,no,...,Mym) St MN1+N2o+- +nNpym=mn

ay : # of config. (up to symmetry) with n; many color i

pattern inventory :

(multi-variate) generating function

niy, n2

Fa(y1,92, - Ym) = Z ag Y1 Ya© Y



pattern inventory : (multi-variate) generating function

Fa(yi, Y2, ym) = ) ag yi'ys? -y

Gy : # of config. (up to symmetry) with n; many color i

X/G -

<< e
EBEBEIEIEILIEIER

Fpe(y1,y2) = y§ + yiy2 + 3y1ys + 3y3ys + 3y7ys + y1ys + s



Cycle index

permutation 7 : [n] 1'1 > [n] from group G
on-.to
/1 12 4y

A~ ~ =
d= () (o) (o)
N——

k cycles L

monomial: M (z1,z2,...,2,) = H T,
i=1

cycle index:

1
PG(£17£27°’°7£E71) — @ Z Mﬂ'(xlax27°°'7xn)

Burnside’s Lemma:
X/G| = Pa(m,m,...,m) = — Z M.(m,m,...,m)
N ——’

T
n n



k
T=0-)() (o) Mw(xlij,...,xn):Hiv&
1=1

k cycles

: 1
C)’Cle index: Pg(zi,z2,...,2,) = @ Z My (x1,22,...,2Tn)
e G

pattern inventory : (multi-variate) generating function

Fa(y1, Y2,y Ym) = Z ag Y1 Ys® Y

Gy : # of config. (up to symmetry) with n; many color i

Polya’s enumeration formula (1937,1987):

FG(ylay27°°°7ym) :PG (Zyzaz?%???z:y?)
=1 =1 1=1



G. Polya (1937). Kombinatorische Anzahlbestimmungen fur

Gruppen, Graphen und chemische Verbindungen. Acta
Mathematica 68 (1): 145—-254.

G. Polya; R. C. Read (1987). Combinatorial Enumeration of
Groups, Graphs, and Chemical Compounds. Springer-Verlag.



ﬁ:(nl,ng,...,nm) NEL+MNo+ "+ MNypp =N

X =[ml" X% ={ze[m]™|Vie[m],z71() = n;}

invariant setof 7: X’ ={z € X’ |noxz =z}

SR Ielelatots
SteTeTelets
Stete

Burnside’s Lemma:

1 .
gggggg s=n Y |X]
a”U ‘G‘ |7T‘

Tedd

a(2,4) = 3



r=(- () (") X ={ze X" |mox=ua}

k cycles

C
Invariant
:*‘ every cycle of ;7 has
o

O TmTox=u=x
the same color

A/

m

1), x( (1)

(iyiy . Zy@) =

1=1 =
(Y 4yt oy (Y2 s e yl2) (et e )

= Y Xy

’172(??,1 ..... nm)
ni+--+nm=n

recall: M (x1,29,...,2,) = H T,



M., (Z Vi, Y Y- ny) Burnside’s Lemma:

1=1 1=1 1=1
1

— a/-» g — Xﬁ
= ) IXTyree e el Z Xl
F=(n1,...,mm) el
ni+--+nm=n
pattern inventory :  Fa(y1,Y2, -+, Ym)
1 v ny.n n
— Z ag y?1y32y;'%m — Z (EZ X7T> y11y22”°ymm
v=(ny1,...,nm) v=(ng,...,nm) TelG
ni1+--+nm=n ny+--+nm=n
1 B}
= @Z > Xy ey
melG v=(n1,...,nm) . .
nit i n cycle index :

= ‘—(1;, > M, (Zyuzyf,-..,Zyﬁ> = Pg (ZyZyQZy"’)
1=1 1=1 1=1 1=1 1=1 =1

TeG



k
T=0-)() (o) Mw(xh;@,...,a’}n):niv&
1=1

k cycles

: 1
C)’C|e index: Pg(zi,z2,...,2,) = @ Z My (x1,22,...,2Tn)
e G

pattern inventory : (multi-variate) generating function

niy _ N9

FG(ylay%"'aym): Z Ay Y1 Yo y’glm

?7:(%1 ..... nm)
ni+:--+nm=n

Gy : # of config. (up to symmetry) with n; many color i

Polya’s enumeration formula (1937,1987):

FG(ylay27 R 7yTn) = Fq (Zy’wzyaazy?>
1=1 1=1 1=1



FDzo (7“, q, l)

| AR

Foge(ra ) = " 4 v q 4 v 100""¢% 4 100" gt 4 10007 4 33r' 7" + 90r' %t

+90r 7 + 330" T 41450 "%¢" + 489r 0 4 TTAr 07 4 a8or gl 4 145000
+406r"%¢" + 19567 " %¢" 1 + 39127 %1% + 3912r " g7 1" 4 1956 gt* + 106r"'"1"

F 1032r 0% 4 5832 6% 4 14724r M4 2 4 1901607 4 1472401

+ 5832r 1% + 10320 1% 4 198057 ¢7 4 13608r "1 + 40824r" " 1*

+ 67956 g 1 + 679560 "' 4 10824r ¥ 21" 4 13608 1" + 19802 "7

+ 32600 2" + 25236r 271 + 88620r"2¢%1% 4 176484r" 2" 1" 4 2211100 24" 1"

+ 176484r 2 4" 1" + 886200 "2 g% 1" 4 25236r " ql” + 3260 "1 4 4262r""¢"

+ 378545 % 4 1514160 712 4 352068¢ ' O 4 520452 " 1" 4 520452 ¢*1°

+ 3520687 "' ¢* 1" 4 1514160 17 + 37854r " ' qt® + 426201 + 4752r'q"

b 46252r" 06" 1 4 208612¢ %1 4 5545200971 4 9712020 """ 4 116434207 1°
+971202r" g" 1% & 5545200 " ¢* 17 + 208512r" g% 1® + 46252r " ql” + 475201

+ 4262r" 0" + 46252r"¢"1 4 2312600"¢"1* + 693150r"¢" 1" + 13863001 ¢ 1"

+ 1940568r"¢"1" + 19405681 ¢°1° + 1386300r"¢* 17 + 693150r" ¢ 1 + 231260r"9° 1"
+ 46252r" 1" + 4262r"1"" 4 32600 ¢'* + 37854r"¢" ' 1 4 208512r%¢"" 1

+ 693150r"¢" 1 + 1560534r"¢ 1 + 2494836r%¢ 71" + 2012112r%¢°1° + 2494836¢" "1
+ 1560534r°¢* 1* + 693150r"¢* 1" + 208512r%¢* 1" + 37854r"q1"" + 3260:-™1"*
+1980r7 " 4 25236r7 "1 + 151416r 7 ¢" " 2 + 55452007 "1 + 13863007 "1

+ 249483617 ¢*1° + 33264487 ¢ 1° + 33264487 "1 + 2494836 ¢"1° + 1386300r" ¢ 1"
+ 5545200 ¢ 1" 4 15141607 % 1" + 2523617 gt'? 4 198077 1" 4 1032r"¢"*

+ 13608r° "1 + 886205 ¢ 1% + 352968 " 1* 4 971202¢" """ 4 1940568 ¢"1"
+2012012r%¢™ 1" + 3326448¢° 717 + 20121120 1% + 1940568¢ 4" 1" + 971292r"¢"1""
+ 35206800 1" 4 8862010 1'% 4 13608r 1" 4 1032r° 1" 4 406r°¢"" 4 5832r%¢" "1
+ 40824r°g 17 4 176484r°¢ 21" 4 520452r°¢" ' 1* + 1164342r%¢""1° + 1940568r°¢"1"
+ 24948361 "7 + 2494836r" ¢ 1" + 1910568r° ¢ 1" + 1164342r"¢" 1" 4 529452 """
+ 176484r "¢ 1'% 4 10824r° P 1" 4 5832r%gU"* 4 406r°1"® + 145r¢" + 19561 "1

+ 1472452 ¢ 1 4 67956r" ¢" U1 + 2211100 71" 4 5204520 ¢ 1° + 97129209 °

b 13863001 "7 + 1560534r*¢"1% + 1386300r* " 1" + 971202¢*¢"1"" + 5204527 ¢"1"!
+221110r°9* 1" + 67956r " 1" + 14724023 1" 4 1956r @' + 1450 1" 4 33¢%"7
+ 489r3q %1+ 39120 9" %17 4 1941607 ¢ 1* 4 67956r" " 1" 4 176484r7 " 1"

+ 352068r°" 1€ + 55452007 ¢ 17 + 693150r°¢"1* + 693150r"¢"1” + 5545200 71"
+ 3520681 ¢ 1"+ 1764845 ¢"1'? + 67956 ¢*1"? 4 190160 ¢" 1" 4 39120 ¢"1""

+ A8 1" + 3371 4 100%™ + 907" 1+ TTar? " 4 39120%"° 1

+ 1472402 1 4 1082402 "1 4+ 88620r° "1 4 15101607917 4 20851207410

+ 231260r%q"1° + 2085122 " 1" 4 15101607971 4 8862007017 4 40824177 1""
+ 14724020 1" 4 391272 1'% + 1721 4 90077 410071 4 rg" 4+ 10rg""
F90rg 1 & A89rg" 1" + 1956rq""1* + 5832rq" 1" + 13608rq" 1" + 26236rq" 1

+ 37854rq" ¥ + 46252rq""1” + 46252r¢”1"" 4+ 37854rg" "' + 25236rq 1"?

+ lli(iosrqﬁl" + 533211)"'1" 4 1956rq‘l"' + 489rg 1" & 90rq:l" + 10rql"™ 4 o'
+qzu +qw‘+ IOq"’l’ +33q"13 + M.'»qwl‘ +4()6q'5lr’ + 10320"1“4- ‘mqn‘?

+ 3260920 + 4262¢"" 1" + 4752¢"°1"" + 4262¢°1"" + 3260¢°1** + 19807 1"

+ |032qu‘u +4oﬁqr.‘l.'. + 145‘,4‘]6 ‘ 33‘13‘17 ' qu’l"‘ +ql"' + 120



Fp,,(r,q,l) = i 1"“(1 s (P |()1'IH(]2 + l()rmql 3 1091 & 331"7(13 + 9()1"7(121
+90r gl + 33r'71° + 1450 '%¢* + 489r'%¢%1 + 7747 %% 1% + 489r'°ql® + 14501
+ 406r'%¢° + 19561 ¢l + 3912r'%¢%12 + 3912 %421 + 1956r'° 1" + 40671

R l()321'Mq“ t 581321‘”(151 -+ 147241"4(1412 + l$)4l(i1'Mq313 + 147‘.241'14(1“214

+ 58327 % q1° +1032r1° + 1980727 + 136081 ¢°1 + 408247 "7 ¢" 1

+ 679567 2% 1° + 6795612 ¢% 1 + 4082472 ¢%1° + 136081 q1° + 19807 '°1"
+ 32607 2¢% + 252361'2¢71 + 88620r'2¢%1% + 17648472 ¢°1® + 2211107'%¢"1
+ 17648472 ¢%1° + 886207 '24%1° + 252367 2ql" + 32607'%1° 4 4262r' " ¢°

+ 378547 ¢®1 + 1514167 1 ¢71% + 3529687 1 ¢%1® + 5294527 ¢° 1 + 529452+ ¢*1°
+ 35206871 ¢*1° + 1514167 ¢%17 + 378547 ' qi® + 4262r' ' 1° 4 4752r'"¢""

+ 46252r'°¢°1 + 2085121 ¢%1% + 5545207 ' q" 1* + 9712927 '°¢%1* + 1164342¢'¢°1°
+ 971292 ¢%1° + 5545201 ¢*17 + 208512r' %1% + 46252r'ql” + 475201

+4262r°¢"" + 46252r” "1 + 23126077 ¢ 1% + 6931501 ¢ 1® + 138630077 1"

+ 194056812 ¢°1° + 19405681 ¢°1° + 13863007 ¢* 17 + 6931507" ¢ 1® + 2312607 ¢ 1"
+ 462521 q1'° + 4262r° 1" + 3260r%¢"? + 37854r%¢" ' 1 + 208512r°¢'"1?

+ 6931501 1% + 156053478 ¢® 11 + 2494836r%¢71° + 29121127°¢°1° + 2494836r"¢" "
+ 1560534131 1% + 693150r°¢>1° + 208512r%¢% 1" + 3785478 ql'" + 3260+°1"°
+1980r7¢"® + 2523617 ¢"%1 + 1514167 ¢" ' 12 + 55452077 ¢'"1® + 13863007 ¢ 1"

+ 249483617 %1% + 332644877 q71° + 332644817 ¢°17 + 249483677 ¢°1° + 138630017 ¢" I
+ 5545207 ¢ 11 + 15141677 ¢21'! + 252367 qi'% + 1980r" 1'% 4 1032r°¢"*

+ 13608751 + 886201 ¢ 1% + 3529681 ¢" ' 1* + 971292r%¢"1" + 19405687°¢"1°

1



10

+2912112r%¢%1° + 3326448r°¢717 + 2912112r%¢°1® + 1940568r°¢°1” + 971292r°¢"!
+ 3529681 1" + 88620r°¢% 1'% + 13608r°ql"® + 10321 + 406r°¢"° + 58327 ¢ "1
+ 408247°¢"312 + 1764847r° ¢"21® + 529452r°¢" " 1* + 11643427°¢"1° + 1940568r°¢"1°
+ 24948361°¢%17 + 24948367° ¢7 1% + 19405687° ¢°1” + 1164342r°¢° 1" + 529452:°¢" 1"
+ 176484r° g3 1" + 4082475 g% 11 + 5832r°ql'* + 406r°1"° + 1457%¢"° + 1956r%¢" "1

+ 147247212 + 6795671 0" 1° + 22111007 21" + 529452r%¢" 1 1° + 971292r%¢""1°

+ 1386300r1¢°17 + 15605347 %1% + 13863001 q71” + 971292r*q°1"" + 529452r%¢°1""
+ 2211101 1'% + 679561 1¢% 1" + 1472442 1" + 19567 q1*® + 1457°1"¢ + 33r°¢""

+ 489r3¢"¢1 + 3912r3¢'%1? + 194167 ¢"*1® + 679561 ¢ 1" + 176484r°¢'*1°

+ 352968r3¢" 1 1° + 554520r°¢"17 + 69315002 ¢ 1® + 6931507° g% 1" + 55452017 ¢"1

+ 352068r3¢% 1" + 17648472 ¢% 1'% + 6795612 ¢*1'® + 194167°¢°1'* + 391207 ¢%1"°

+ 4891'3(1[“i + % g L l()1'2qm + 9()1'2(1171 + 7741'2qml2 + 39121'211”'[3

+ 147247210 + 4082472 ¢"1° + 8862012 ¢ 21° + 15141672¢" 17 + 208512r°¢ 1"
+ 231260r2q°1° + 208512r2¢% 1" + 151416r2¢" 1" + 8862002 ¢ 1'% + 40824r°¢”1
+147247r20% 1M + 3912r2¢%1"° + 774722 1" + 90r2ql' T + 107%1'° + rq'? + 10rq" "
+90rq 1% + 489r¢"°1® + 1956r¢'°1" + 5832rq¢"*1° + 13608rq'*1° + 25236rq" 1
+ 37854rg" I® + 46252r¢ "1 + 46252r¢°1'" + 37854r¢®1'" + 252361 1'*

+ 136081¢°1'2 + 5832r¢° 1" + 19567¢*1'® + 489r¢*1'® + 90r¢*1'" + 10rql'® + 1l
+q2° + q'°L + 10¢"%12 + 33¢'71® + 145¢"°1* + 4064"°1° + 1032¢"*1° + 1980¢" 1"
+3260¢ 218 + 4262¢"11° + 4752¢"°1'° + 4262¢°1"" + 3260¢°1'? + 1980¢"1"°

+1032¢%1'* + 406¢°1"° + 145¢*1"¢ + 33¢%1"7 + 10¢%1"® + q1° +1*°

10

13

19



(AL 17 % AR

Fiy,(roql) = r* 4 rwq +r 4 l()r"'q” + N)r"‘ql + 1007 4 33" ¢ 90" 7t
+90r 7 + 330" T 41450 "%¢" + 489r 0 4 TTAr 07 4 a8or gl 4 145000
+406r'%¢% 419560 %¢" 1 + 3912 %% 1% 4 3912r" "7 1" 4 1956r" " gt* + 106¢""1"

F 1032r 0% 4 5832 6% 4 14724r M4 2 4 1901607 4 1472401

+ 5832r 1% + 10320 1% 4 198057 ¢7 4 13608r "1 + 40824r" " 1*

+ 67956r 2 ¢* 1 + 67956r " ¢ 1 4 40824r 2 21" 4 13608 1" + 19802 "7

+ 32600 2" + 25236r "2 71 + 8862002 ¢°1% 4 176484r 2" 1" 4 22111002 ¢"1"

+ 176484 2" 1" + 886200 "2 %1% 4 25236r "% gl + 3260: %1% 4+ 4262r"" "

+ 378545 % 4 1514160 712 4 352068¢ ' O 4 520452 " 1" 4 520452 ¢*1°

+ 352068 ¢ 1° + 151416r" ' ¢*17 + 378540 ' qt® + 4262r'" 1" + 4752r'"""

b 46252r""¢"1 4 208612r" ¢ 4 55452000971 4 971202¢ " ¢"1" 4 11643420 "9 1°
+971202r" g "1 4 5545201 "% 17 + 208512r" % 1® + 46252r " ql” + 475201

+ 426207 ¢"" + 46252r"¢""1 + 2312600"¢"1* + 693150r"¢" 1" + 1386300 ¢ 1"

+ 19405681 ¢"1" + 1940568r”¢°1° + 1386300r"¢* 17 + 693150r"¢"1* + 231260r" 9" 1"
+ 46252r"ql"" + 4262r"1"" 4 3260r"¢"* + 37854r"" "1 4 208512r%¢""1?

+ 693150r"¢" 1 + 1560534r"¢ 1 + 2494836r%¢ 71" + 2012112r%¢°1° + 2494836¢" "1
+ 1560534r°¢* 1" + 693150r"¢ 1" + 208512r%¢* 1" + 37854, q1"" + 3260:™1"?
+1980r7 " 4 25236r7 "1 + 151416r 7 ¢ % + 55452007 "' 1* + 1386300r7 ¢"1*

+ 249483617 ¢ 1° + 33264487 ¢ 1° + 3326448r7 ¢"17 + 2494836 ¢"1° + 1386300r" ¢ 1"
+ 5545200 ¢ 1" 4 15141607 ¢%1"" 4 2523617 g'* + 1980r 71" 4 1032r"¢"*

+ 13608r° "1 + 886205 ¢ 1% + 352968 " 1* 4 971202¢" """ 4 1940568 ¢"1"
+2012012r%¢™ 1" + 3326448¢° 717 + 20121120 1% + 1940568¢ 4" 1" + 971292r"¢"1""
+ 35206800 ¢* 1" 4 88620, g2 1'% 4 13608r% 1" 4+ 1032r° 1" 4 406r°¢"" 4 5832r"¢" 1
+ 40824r°g 17 4 176484r°¢ 21" 4 520452r°¢" ' 1* + 1164342r%¢""1° + 1940568r°¢"1"
+ 24948361 "7 + 2494836r" ¢ 1" + 1910568r° ¢ 1" + 1164342r"¢" 1" 4 529452 """
+ 176484r "¢ 1'% 4 10824r° P 1" 4 5832r%gU"* 4 406r°1"® + 145r¢" + 19561 "1

+ 1472452 ¢ 1 4 67956r" ¢" U1 + 2211100 71" 4 5204520 ¢ 1° + 97129209 °

+ 13863001 " 17 + 1560534r*¢"1% + 1386300r* 71" + 971202¢*¢"1"" + 5294527 ¢"1""
+221110r°9* 1" + 67956r " 1" + 14724023 1" 4 1956r @' + 1450 1" 4 33¢%"7
+ 489r3q %1+ 39120 9" %17 4 1941607 ¢ 1* 4 67956r" " 1" 4 176484r7 " 1"

+ 352068r°" 1€ + 55452007 ¢ 17 + 693150r°¢"1* + 693150r"¢"1” + 5545200 71"

+ 3520681 ¢ 1"+ 1764845 ¢"1'? + 67956 ¢*1"? 4 190160 ¢" 1" 4 39120 ¢"1""

+ A8 1" + 3371 4 100%™ + 907" 1+ TTar? " 4 39120%"° 1

+ 1472402 "1 4 4082402 1" 4 886200° "1 4 151410607 ¢" 17 4 2085120 4" 1"

+ 231260r2q"1° + 208512r " 1" 4 1514160747 1"" + 88620070 1'% 4 4082417 1"

+ 14724020 1" 4 391272 1'% + 1721 4 90077 410071 4 rg" 4+ 10rg""
F90rg 1 & A89rg" 1" + 1956rq""1* + 5832rq" 1" + 13608rq" 1" + 26236rq" 1

+ 37854rq" 1* + 46252r¢" 1" + 46252r¢" 1" 4+ 37854rg" "' 4+ 25236rq 1"?

+ l:l(iosrqﬁl” + 5832rq"’l“ 4 1956rq‘l"‘ + 489rg 1" & 90rq’l" + 10rql™™ 4 1"
+qzu +qw‘+ qu"’l’ +33q"13 + M.':qwl‘ +4()6q'°l” + 1032q"l“ + IQﬁOq"l’

+ 3260920 + 4262¢"" 1" + 4752¢"°1"" + 4262¢°1"" + 3260¢°1** + 19807 1"
+1032¢° 1" 4 406¢° 1'% 4 145¢° 0" 4 336717 4 10670" 4 @' 4 17



Orbits of Group Actions




