Combinatorics
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Extremal Combinatorics

“How large or how small a collection of finite
objects can be, if it has to satisfy certain
restrictions.”

set system F C 2!" with ground set [n]



Sunflowers

JF a sunflower of size r with center C:

Fl=r vS, TeF, SNT=C

a sunflower of size 6
with core




Sunflowers

JF a sunflower of size r with center C:

Fl=r SSTeF, SNT=C

a sunflower of size 6
with core ()




Sunflower Lemmma (Erdos-Rado 1960)

F C ([Z]) Fl > kl(r—1)F &>

a sunflower G C F, such that |G| =r

Induction on k. when k=1

Fe (V) 1o

1
3 r singletons 8 - 8
O



Sunflower Lemmma (Erdos-Rado 1960)

F C ([Z]) Fl > kl(r—1)F &>

a sunflower G C F, such that |G| =r

For k=2,
take largest G C F with disjoint members

VS, T€Gthat S#T, SNT =1

case.l: |G| >, G is a sunflower of size r
case.2: |G| <r —1,

Goal: find a x&[n]



Sunflower Lemmma (Erdos-Rado 1960)

F C ([Z]) Fl > kl(r—1)F &>

1 a sunflower G C F, such that |G| =r

G| <r—1, Goal: finda xE[n]
consider
{SeF|lxeS}
remove Xx

H={S\{z}|SeFAxeS}

ne (") M > k=D -1 I



F C ([Z]). F| > kl(r —1)F

take largest G C F with disjoint members

Gl <r—1, let Y=_J85 |Y]|<k(r-1)

Seg

claim: Yintersectsall S € F

if otherwise: JTc F, T NY = ()
T is disjoint with all S € §

contradiction



F C ([Z]). F| > k!(r —1)"

take maximal G C F with disjoint members

Gl <r—1, let Y=_J85 |Y]|<k(r-1)
Seg
Yintersects all S € F

pigeonhole: Ax&€Y, #of S &€ F contain x

F kl(r — 1)F

SecFlxzeSY 2 >
1{ |z € S}H V| 2 ko)
k

H={S\{z}|SeFAxeS}
H C (k[f]l) H| > (k—1)!(r — 1)~}



Sunflower Lemmma (Erdos-Rado 1960)

F C ([Z]) Fl > kl(r—1)F &>

a sunflower G C F, such that |G| =r

Y, let H={S\{z} | SeFAxeS}

|.H.: H contains a sunflower of size r

adding x back, it is a sunflower in F



Sunflower Conjecture

FC ([Z]) F| > e(r) =>

a sunflower G C F, such that |G| =r

c(r) : constant depending only on r

Alon-Shpilka-Umans 2012:

if sunflower conjecture is true
then matrix multiplication is slow



Erdos-Ko-Rado Theorem

Paul ErdOs AT G Richard Rado
(1913-1996) (1910-2002) (1906-1989)






Intersecting Families

n| intersecting:
C
f—<k VS, T ¢ F, SNT#(

trivial case: n <2k

nontrivial examples:

® A

“How large can a nontrivial intersecting family be?”




Erdos-Ko-Rado Theorem
Let 7 C ("), n > 2k.

VSHiciFeSeatingt ) .= > |F| < (Z : 1)

proved in 1938; published in 1961;

¢ @

all § 2«



Shifting

Isoperimetric problem:

With fixed perimeter,
what plane figure has the largest area!?

Steiner symmetrization



Shifting

Isoperimetric problem:

With fixed area,
what plane figure has the smallest perimeter?

Steiner symmetrization



Erdos-Ko-Rado Theorem
Let F C ([Z]), n > 2k.

VS, T €¢ F,SNT #0)=> |F| < (n_l)

induction on n and k

Fi=415¢€¢ F cS
Fo—{SeF|ngst 171 n €5}

f{Z{S\{n}\SEE}

Fo < (") LH. _2 Fi € (32 1) —
intersecting | Fo| < (h7) intersecting? Fi| < (k—2)

Fl = |Fol + |F1] = |Fol + 17 < (D) + (0 = (7-1)



Shlftlng (compression)

special F C ([Z]>

F remains intersecting after deleting n
)
i

S



Shlftlng (compression)
Fcaoll  for1<i<j<n
VI'e F, write Tz’j — (T \ {]}) U {7,}
(l,])-ShIft Sz ()
VI e F,

Ti' 1f]€T,Z¢T, andTi-gf,
Sij(T){ J

T otherwise.

Sij(F) =18i4(T) | T € F}



1<i<g3<n VI eF, erteTZ]:(T\{j})U{Z}
Ti' lf]ET,ZgT, ande--Qf,
Sz'j(T){ :

T otherwise.
Sij(F) =15i4(T) | T € F}

1. |S;;(1)| =T and |Si;(F)| = |F

2. F intersecting > S;;(F) intersecting

(2) the only bad case: A, Be€F AnNB={j}
Ay =A\{jyu{iteF B =B\{j}u{i}¢F i¢B

— > A;;NB=0 contradiction!




1<i<g3<n VI eF, erteTZ]:(T\{]})U{Z}
Ti' lf]ET,ZgT, ande--Qf,
Sz'j(T){ :

T otherwise.
Sij(F) =15i4(T) | T € F}

1. [S(T)| =[T] and [S;;(F)| = |F|
2. F intersecting > S;;(F) intersecting

repeat applying (i, j)-shifting Sij(F) for 1 <i<j<n
eventually, F is unchanged by any .S;;(F)
called: F is shifted



Let 7 C ("), n > 2k.

| —1
VS, T e F,SNT #D=> |F|< (Z—l)

Erdos-Ko-Rado’s proof:

true for k=1;
when n = 2k,

VS € ([Z“]) at most one of Sand S isin F

L /n n!
‘f|§§(/€) C2-kl(n—k)!




Let 7 C ("), n > 2k.

| —1
VS, T e F,SNT #D=> |F|< (Z_J

arbitrary F| = |F|

Intersecting F shifted F’
keep intersecting

7| < (Z:D <o |1F< (Z:D




Let 7 C ("), n > 2k.

VS, T €¢ F,SNT #

=> 7<)

when n > 2k, inductiononn  WLOG: F is shifted

Fi={5€F|nef}

Fir={S\{n} |5 € A}

JF1 is intersecting

otherwise, dJA . BeF
AUB|<2k—1 <n—1

ANB={n}
— > Ji<n,i¢ AUB

C=A\{n}u{i} € F <3 Fis shifted
CNB = (0 contradiction!



Let 7 C ("), n > 2k.

| —1
VS, T e F,SNT #D=> |F|< (Z_J

when n > 2k, inductiononn  WLOG: F is shifted
Fo={SeF|ngS} Fr=4{5S5€F|neS}

|.H.
Fo € ("1 and intersecting > |Fo| < (777)

Fi={5\{n}| S e F}

F! C ([k i]) and intersecting éll'_|> Fi| < (Z:i)

Fl = |Fo| + |71 = |Fol + |17 < (722) + (P22) = (P7)




Katona’s proof (1972)

\ k-arc: length k path on cycle

intersecting arcs: share edges

Lemma
n = 2k.Suppose Ai, A, ..., A; are distinct

pairwise intersecting k-arcs.Then 7 < k.

every node can be endpoint of at most 1 arc
take A1: A has k+1 nodes
2 endpoints of itself



Let 7 C ("), n > 2k.

| —1
VS, T e F,SNT #D=> |F|< (Z_l)

take an n-cycle 7 of [n]
family of all k-arcs in 7T

aces? Gr={Umiss) moan | €K} |0 € [n]}
double counting: X={(S5,7) | S € FNG,}

each n-cycle Tt an n-cycle has <k intersecting k-arcs
FNG: <k
# of n-cycles: (n-1)!
X| = Yo FNG < k(n—1)!

n-cycle




Let 7 C ("), n > 2k.

| —1
VS, T e F,SNT #D=> |F|< (Z—l)

take an n-cycle 7 of [n]
family of all k-arcs in 7T

oo’ 9n=Umriymoan | € K]} |i € [n]}
double counting: X={(S,7) | S e FNG,}

X| <k(n-—1)! each § is a k-arc in
k!(n-k)! cycles

X | =D KrlSeb =|Flk!(n —k)!

SeF




Let 7 C ("), n > 2k.

| —1
VS, T e F,SNT #D=> |F|< (Z_J

take an n-cycle 7 of [n]
family of all k-arcs in 7T
oo’ 9n=Umriymoan | € K]} |i € [n]}
double counting: X={(S,7) | S e FNG,}
1 X| <k(n-—1)! 1 X| = |Flkl(n - k)!

k(n —1)! (n—1)! _ (1
1S El(n—k)! (k=1ln-Fk)! <k‘—1>




Antichains

F C 2" js an antichain

VA, BeF, AY¢DB

([Z]) is antichain

largest size: (Ln?}2 J )

“Is this the largest size for all antichains?”

{1,2,3}
il N
{12} {1,3} {2,3}
! !
{1} {%} {3}
2,




Sperner’s Theorem

| Theorem (Sperner 1928)

F C 27 i an antichain.

Emanuel Sperner
(1905 - 1980)



Sperner’s proof

{1,2,3}

1.2}

!
43

11,3}

12,3}

2}
t
%

!
3]

=N

{1,2,3}

1.2}

1.3}

12,3}

I
43

2}
t
%

I
3]




F (W)

shade: VJF = {T S (k[_’ﬂl) IS e F,5C T}
shadow: AF = {T c (™) |3SeF,TC S}
[n] ={l,2,3,4,5}
F = {{1,2,3%,{1,3,4},{2,3,5} )

VF = {{l,2,3,4},{1,2,3,5},{1,3,4,5},{2,3,4,5} }
AF = {1,2},{2,3},{1,3}, {3,4} {1,4}, {2,5}, {3,5}}



| Lemma (Sperner)
Let F C ([Z]). Then

K

VF| > Z |7 (for k < n)
k

AF| > n—k%—lu:‘ (for k& > 0)

double counting
R={S5T)|SeF,TeVF,SCT}

VS e F, n—kTE(k[i]l) have T'D S

R| = (n—Fk)|F]

VI'e VF, T has (k_,'c_l) = k + 1 many k-subsets

Rl < (E+1)|VF



| Lemma (Sperner)
Let F C ([Z]). Then

— k
VF| > Z | 7] (for k < n)
k
> tor £k > 0
AF| > ———=[F|  (for k>0)
Corollary:

If k< :s(n—1), then |VF| > |F]|.

N|[— DN

If k> s(n+1), then |[AF| > |F|.



Sperner’s Theorem
F C 2" ig an antichain. Then F| < (Ln/zj)

let _ 7 {123}
T =710 (k> Pl W
If k< i(n—1), then |VF| > |7].

If k> =(n+1), then |[AF| > |F].

VF, ifk<i(n—1)
AF, ifk>1(n+1)

still antichain!

replace Fj by {

repeat until F C (LTE/] J) with no decreasing of |F



Sperner’s Theorem

F C 2" ig an antichain. Then F| < (Ln/zj)

Lubell’s proof (double counting)

maximal chain:
DcSyC---CSp_1 CIn

# of maximal chains in 2[M: 7!
VS C [n],

# of maximal chains containing §:

{1,2,3}

11,2}

U}

(1.3}

2]

12,3}

3}

Sl (n —[S])!
F is antichain B v chain C, |FNC|<1

# maximal chains crossing £ < # all maximal chains




Sperner’s Theorem

F C 2" ig an antichain. Then F| < (Ln/zj)

Lubell’s proof (double counting)

maximal chain:
DcSyC---CSp_1 CIn

# of maximal chains in 2[M: 7!
VS C [n],

# of maximal chains containing §:

> S| n — [S)! < nl

SeF

{1,2,3}

11,2}

U}

(1.3}

2]

12,3}

3}

Sl (n —[S])!
F is antichain B v chain C, |FNC|<1




Sperner’s Theorem
F C 2" ig an antichain. Then F| < (Ln/zj)

Lubell’s proof (double counting)

S [8]in — |S))! <
SecF
oy Sin— 15)
(nja) ~ ScF (|S| s;r
F < ((/2))



LYM Inequality

(Lubell-Yamamoto 1954, Meschalkin 1963)

LYM inequality
F C 2" is an antichain.

1
2 (ay <1

SecF \|S]




F C 27l is an antichain. Z ()
SeF \|S|
Alon’s proof (the probabilistic method)

let ;T be a random permutation [7]

CW — {{7’(‘1},{7’(‘1,7’(‘2},...,{7’(‘1,... ,Wn}}
VS € F. Xg{l > € Cr

0 otherwise

let X =) Xg =|FNCy

SeF C.. contains

1 - )
E[Xg| = Pr[S € C,] = precisely 1 |S|-set

( n ) uniform over
S| ]
all [S]-sets



F C 27l is an antichain. Z ()
SeF \|S|
Alon’s proof (the probabilistic method)

let ;T be a random permutation [7]

CW — {{7’(‘1},{7’(‘1,7’(‘2},...,{7’(‘1,... ,Wn}}
X:ZXS :‘]-"mcw‘ <1 ’F is antichain

SeF C . is chain

E[Xs| = 1

(15))
1> ElX]=Y ElXg =% (i)

ScF ScF \|S]




Sperners Theorem ]

Sperners proof

(shadows) |

R TTTTTTTITTITTIT R —

LYM inequality ]

Lubell’s proof Alons proof
(counting) | (probabilistic) |

T ——




Shattering

F shatters R Flp=2"



Sauer’s Lemma

F| > Z (7;) —> dR ¢ ([Z’]), F shatters R

Sauer; Shelah-Perles; Vapnik-Cervonenkis;

VC-dimension of F
size of the largest R shattered by F

Fca2n  Flg={SNR|SecF)}
VC-dim(F) = max {|R| | R C [n], F|gp = 2"}



Heredity (ideal, simplicial complex)

Fis hereditaryif VBC AeF, BeclF

{1,2,3}

(12} {13} {2.3)




Heredity (ideal, simplicial complex)

Sauer’s Lemma

R
\Y,
[
R
NG~
1]

R € ([Z]), F shatters R

Re F,|R| >k

> 3 (0) =

for hereditary F: VB CAcF, BelF

Re F > F shatters R




Sauer’s Lemma

F| > Z (TZL) — > dR ¢ ([Z“]), F shatters R

Fl < |F

arbitrary F hereditary F’
VC-dim(F) > VC-dim(F") @

F shatters a k-set <_ F’ shatters a k-set




Down Shift

Fca™  for ien]

down-shift; SZ()

5T — {T\{i} ificTeF, and T\ {i} & F,

T otherwise.

{123}
Si(F)={S5;(T)|T e F} T

(1.2} {13} [{23)
1 >
(1)




Fco Flg={SNR|ScF} for icln]

&G%“¥Wﬁ}iMETefﬁmﬂﬂﬁQ€f,

T otherwise.

Si(F) =15:(T) | T € F}

1. |Si(F)| = |F|V
2. S@(]'—) R‘ § ‘]:|R| for all R g [TL]

Si(F)lr € Si(F|r)

by-case analysis

A=S5;(AU{i
AeSi(]-"):{>{ ( {})}

ANRe S;(Flgr
s > (Fln)



Fco Flg={SNR|SeF} for icln]

5T = {T\{i} ificTeF, and T\ {i} & F,

T otherwise.

Si(F) =15:(T) | T € F}

1. |S:(F)| = |F]
2. S@(]'—) R‘ § ‘]:|R‘ for all R Q [TL]

repeat applying down-shifting S;(F) for i € [n]
eventually, F is unchanged by any S;(F)
VAcF ifBCAC>BcF
JF is hereditary




Sauer’s Lemma

F| > Z (7;) —> dR ¢ ([Z]), F shatters R

repeat down-shift JF until unchanged

S € (@) with £ > k

—>

B
\V
/\3
~
H/—/
L]

20 C F

take any R € (}z) F shatters R



Kruskal-Katona Theorem

]
a g ( k {1,2,3}
_ T~

{12y {1,3} [{2,3}

shadow: AF = {T c (k[i]l) 4S5 e F,T C S}

F|l=m How small can the shadow AF be?



Colex order of sets

lexicographic order

([?

{1,2,3)
{1,2,4)
{1,2,5)
{1,3,4)
{1,3,5)
{1,4,5)
£2,3,4)
£2,3,5)
{2,4,5)
{3,4,5)

co-lexicographic(colex) order
(reversed lexicographic order)

elements in increasing order  elements in decreasing order
sets in lexicographic order sets in lexicographic order



Colex order of sets

co-lexicographic(colex) order
(reversed lexicographic order)

R(m, k) : e
r {32 |}\<m) |
first m members ([4]> 42,1} \?
of (N) in colex order ; {4,3,1}
y Lo {432
521} ()
n T {5,3,1} ;
R(()-) = () 532
{5,4,1}
{5,4,2}
{5,4,3}

elements in decreasing order
sets in lexicographic order



k-cascade Representation

V positive integers m and k

m can be uniquely represented as

m
m= ) e ()
7 t
with mr >me_1>--->my >t >1

greedy algorithm:
for { =k, k—1,k—2,...
take the max my with (Wéﬁ) <m
m < m — (”26)
until m=0



Colex order of sets

R(m, k) - colex order of (I,j)
first m members T{32|}
of (E) in colex order ([;H) 42,1}
k-cascade Egg
My A D=

m = Z( ) ) {5,2,1}
By {531

R(m k) : Vo 19,32 y

mel\ . . 45403 ()
( ), ) adjoining{m, + 1 |¢{ <r <k} {5,4,2)
{5,4,3}

(=t

AR(m. k) =3 (") 21



| Kruskal-Katona Theorem

F C ([Z]), F| = m, the k-cascade of m is
m = (") + () + -+ (7).

Then [AF] = (™) + (355) +-+ ([79).

The first m k-sets in colex order
have the smallest shadow.

R(m, k) : first m k-sets in colex order

K-K Theorem: |AF| > |AR(|F|, k)



Kruskal-Katona Theorem
F C ([Z]), \F| =m, the k-cascade of m is

r my

Th > .

en |AF|> E (Z)
{=t—k-+r

r-shadow:

A F = {Se ([n]) HTEJ-‘,ScT}
A

T

A F=A
—_——
k—r

F



Erdos-Ko-Rado Theorem
Let F C ([Z]), n > 2k.

n—1
VS, T € F, SNT # () mip 7| < (k_:)

Suppose |F| > (17;) let G={S|S¢ecF}
n— n— K-K —
91> (321) = (p) —>  |ArG| > (")

SNT#0) mp ST mp 7 0420

are disjoint

v
(k) = G20 + (") B 171+ 1AG] < ()

Contradiction!



