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The Sieve Methods
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(Principle of Inclusion-Exclusion)
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(Principle of Inclusion-Exclusion)
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(Principle of Inclusion-Exclusion)

A, Ay, ..., A, CU <€— universe
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Surjections
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Surjections

U = |n] — |m] A; = [n] — (Im]\ {i})
Ag=U AIZOAi = |n] — (Im]\ I)
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Surjections

ordered m-partition of [n]
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Derangement

les problemes des rencontreés : -
DANALYSE
Two decks, A and B, of cards:
. 3 S JEUX DE HAZARD»
The cards of A are laid out in a row, [ Par M Rémond de Montmort.
TR
and those of B are placed at random, (i‘\z
one at the top on each card of A. NN
What is the probability that e acaas Quso, et
no 2 cards are the same in each pair?




Derangement

permutation 7w of |n]
Vi € n|, w(1)F#1

“permutations with no fixed point” In

U : permutations of [n



Derangement
permutation 7w of |n]

Vi € n|, w(1)F#1
“permutations with no fixed point” In

U =25, symmetricgroup A, ={n|n(i) =1}

() 4| = > (—D)A;]

1€ (n] I<[n]

Ar={r|YViel n(i) =1} Ar| = (n—|I])!




Derangement
U=S5, A ={rn|n() =1}
A ={n |Viel,n(i) =14} |A7f| = (n—|I])

N & = 3 1y
IC[n]

1€[n]

Dy = S0t () -

1C[n] k=0




Permutations with restricted
positions

permutation 7w of |n]

derangement: Vi € |[n|, m(7) # ¢

generally:  m(i1) # j1, (i) # jo, ...
forbidden positions B C [n] X [n]

Vi en|, (1,7(i)) & B



Chess board

a b ¢c d e f g h
o XZM W _I-
4 PN I N =Ek
o Exe m
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J PN =g
S= B i3 L
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a c e g

forbidden positions

derangement:

permutation 7w of [n]

Wi, (@) | i € [nl}

“A placement of
non-attacking rooks”

B C [n] x[n]

B =1{(i,7) | i € |n|}



Chess board

. xFaces “ga ' pn.  Foraparticular set of

7.‘!.5.3.7 forbidden positions

5 X 5

S ixm w B & Infxn]
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the # of placements of n non-attacking
rooks!?



Chess board

e f

a b c¢c d g h .
%8 1 m p. Foraparticular set of

:lég.l.l.z forbidden positions
z:.:;gg:.z Bl % In
nmoxm ke

1. . [] IX 1 # of ways of placing k

e f g h
non-attacking rooks in B
N() .

the # of placements of n non-attacking
rooks!?



Chess board

s XWLM W W BCn]x[n]
4 Bl B H=E
B = i L |
J=I P31 N CEsE
gl H=p I I .
s I I xIEs # of ways of placing k

2 0 B XD : :
non-attackine rooks in B
1 B Ig-x1 8
| a b ¢ d e g h |

No : # of placements of n non-attacking rooks

n

No=)» (=1)*re(n—k)
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Derangement again

a b ¢c d e f g h L. .
Xl W W me B={(1)]|i€nl}
7.=!I.I-I7
° i . # of ways of placing k
sl Xl W s Tk ys Ot placing
3 B B3 .4 non-attacking rooks in B
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Probleme des menages

n couples sit around a table

®Y®
@ @ * male-female alternative
@ ®*No one sit hext to spouse
P @



Probleme des menages

“Lady first!”

® . ®
@ 2(n!) ways
@ “Gentlemen, please sit.”
©

permutation m of [n]

i : husband of the lady at the i-th position

m(i) : his seat (i) # i
m(¢) # t+1 (mod n)



Probleme des menages

- NN W, 00 N @

B ={(z,7), (i, (¢ + 1) mod n)}

# of ways of placing k

Tk -
non-attacking rooks in B




Probleme des menages

B ={(z,7), (i, (¢ + 1) mod n)}

# of ways of choosing k
"k * non-consecutive points
from a circle of 2n points

- W A0 N @

2n objects in a circle E “ a

choose k e
non-consecutive objects 9



m objects in a line

L(m,k): choose k non-consecutive objects

L0000 0000
m-k objects, m-k+1 space

choose k from m-k+1 space

m—k+1)

L(m,k)= ( "



m objects in a circle

C(m,k): choose k non-consecutive objects

(m-k)C(m,k):

i
m L(m-1,k):

|.choose k non-consecutive objects
from a circle
2. mark one of the remaining objects

|.mark one object in the circle, cut
the circle by removing the object

2.choose k non-consecutive objects
from the m-1 objects in a line

C(m,k)= mTi 7 (mk_ k>




Probleme des menages

B ={(z,7), (i, (¢ + 1) mod n)}

ri. . # of ways of choosing k
non-consecutive points
from a circle of 2n points

- W A0 N @

2 2n 2n — k
a b ¢c d e f g h Qn—k ]f
No=>» (=1)fri(n —k)!
k=0

_ O(_l)kzﬁk(%k_ k) (n— k).
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(Principle of Inclusion-Exclusion)

Ay, Ay,..., A, CU <€— universe
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Inversion

V. 2n-dimensional vector space of all mappings
f olnl _y N
linear transformation ¢:V —V
vSCnl, of(S)E > f(T)
TOS

TC[n]

then its inverse:

VS Clnl, o7 f(S) = D (=)TEIF(T)

TDOS
TC[n]



of(S) £ > A(T) pH(S) = ) (=)
TDOS TDS
TCn] TC[n]

Al,AQ,...,AnQU I C |n]
f~()=HzeU|Viel,ve A;,Vi&€Il,x & A;}]

JURRER

=)= > f=(J) = () 4| =|A;]

J2I iel

JC[n]
N = 0 = > )N =3 Ay
1€ [n] 120 ICn]
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(Principle of Inclusion-Exclusion)

(1S {1 S=1

iCs 0 otherwise

for T C S

S (—nlsiil = {1 S=1

TCTes 0 otherwise



(1St = {1 S=1

0 otherwise

ICS
A= Ag == A, = {1}
1= || Ai| = > (=T A
i1 IC{1,...,n}
I#0
Ar=()4 ={1}

el
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ICS
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0 otherwise
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Z(_l)ISI—III _

ICS

|

1 S=1

0 otherwise
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(Principle of Inclusion-Exclusion)

(1S {1 S=1

iCs 0 otherwise

for T C S

S (—nlsiil = {1 S=1

TCTes 0 otherwise



Bipartite Perfect Matching
bipartite graph
O—O0

O O OO % x

O 0O OO OO
G([n],[n].E)

permutation 7 of [n| st (¢,7(2)) € F

perfect matchings

n X n matrix A : 2 of PM.in G

1 (i,j) € E
Ai,j{O (Z,i)éE Z H Azw(z

TESH 1€[N



Permanent

n X n matrix A :

perm Z H A/L (2)

TESyH 1€[N
#P-hard

determinant:

det(A) = Z (—1)T(W) H A7)
1€[n|

TeS,

poly-time by Gaussian elimination



Ryser’s formula

E:IIAmw :ZE‘T”IIIZ>%J

TESH 1€[N IC[n] jEI

term in . H A; ,f (%) for some [ : [n] — [n]

1€ n]
T'=f(ln]) C1I
coefficient of H A; piy In . .

1€[n]

Z (_1)n—|1| B {1 T = |n] «— fis a permutation

Tglg[n] 0 o.w.



Ryser’s formula
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O(n!) time O(n2n") time



Sieve of Eratosthenes

Prime numbers

2 3 5 7
11 13 17 19
23 29 31 37
41 43 47 53
50 61 67 71
73 79 83 89
97 101 103 107
109 113
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w
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Euler Totient Function
d(n) : #6fai=hl 2ed(aynyelative prime to n

prime decomposition: n = pps? - - - pr

)



Euler Totient Function

o(n) =W{l=<a=<n!gcd(a,n)=1}I
prime decomposition: n = p’flp;“? . -pff"“
Universe: U={1, 2, ...,n}
i =1,2,....,r A;={1<a<n]|pla}
ITC{l,2,....1} A;={1<a<n|Viel,pla)

n

n
Ail = — Ar| =
‘ Pi [Lics i

o) =| () Al = . DMAL

ie{l,...,r} S




Euler Totient Function

o(n) =I1{1=a=n| gcd(an)=1}I

prime decomposition: n = p¥ip52 ... prn

Ig{1727'°'7r} A1:{1§a§n|VZ€[,pz|a}




Euler Totient Function

o(n) =I1{l=<a=<nl gcd(an)=1}

prime decomposition: n = pps? - - - pr

)



