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“In any party of six people, either at least three of them are mutual
strangers or at least three of them are mutual acquaintances”

Color edges of K¢ with 2 colors.
There must be a monochromatic Ks.

ON A PROBLEM OF FORMAL LOGIC

By F. P. RaMSEY.

(Received 28 November, 1928. —Read 13- December, 1928.}

This paper is primarily concerned with a special case of one of the

leading problems of mathematical logic, the problem of finding a regular Fl"an k P. Ramse)'
procedure to determine the truth or falsity of any given logical formula®.
But in the course of this investigation it is necessary to use certain ( I 903' I 930)

theorems on combinations which have an independent interest and are
most conveniently set out by themselves beforehand.




R(k,l) £ the smallest integer satisfying:

if n= R(k,l), for any 2-coloring of K,
there exists a red K or a blue K.

2-coloring of K,

f (@) s {red, blue)

Ramsey Theorem

R(k,]) is finite.

Frank P. Ramsey
(1903-1930)

R(3,3)=6



if n= R(k,l), for any 2-coloring of K,
there exists a red K or a blue K.

Rk2)=k: RQI =1:

RGeD) < R(EJ-1) + R(k-1.)



if n= R(k,l), for any 2-coloring of K,
there exists a red K or a blue K.

| R(k,)) < R(k,-1) + R(k-1,])

go
( ‘ take n = R(k,[-1) + R(k-1,])
@SsD T arbitrary vertex v

S|+ 1T+ 1=n =R(J-1) + R(k-1,))

Sl R(k1) Jor
> - or
or/ ( )\ Kz1inSﬂ> K;



if n= R(k,l), for any 2-coloring of K,
there exists a red K or a blue K.

Rk2)=k: RQI =1:

R < R(EJ-1) + R(k-1.)

v

Ramsey Theorem R(k,]) is finite.

By induction:

R(k,1) < (k . : 2)




R(kk)=n
“3 a 2-coloring of K,, no monochromatic K.’

a random 2-coloring of K, :

Uy
V{u,v}&€K,, uniformly and independently {

uyv

VS € ([Z’]) event As: S is a monochromatic Kx
Pr(dg] — 2.9-(5) — o1-(5)
As, Ar dependent <:::> SNT| > 2
ey o (1),
max degree o ependency graph @ = {, ], _ 4

To prove: Pr| A\ Ag| >0
SG([Z])



Lovasz Local Lemmma

o Vi, Pr[Ai]<p
cep(d+1)=<1

Pr[Ag] = 21— (3)
(0]

To prove: Pr

:>Prr

h

l

n —
Aj
g | J

>0

for some n = ck2k/?

:> with constant ¢

e21(2) (d+1) <1

A As| >0
_SE([’Z])

R(kJ)=n = Q(k28/?)
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Ramsey Number

Lovasz Local Lemma

k
Q) [ k2k/2 4

Vk

2k — 2
< R(k, k) < —

1 2 3 4 10
1 1 1 1 1 1 1 1 1 1
2 3 4 5 6 7 8 9 10
6 9 14 18 23 28 36 40—-42
18 25 36—41 49-61 59-84 73-115 92-149
43-48 58-87 80-143 101-216 133-316 149-442
102-165 115-298 134—-495 183-780 2041171
205-540 217-1031 252-1713 292-2826
282-1870 329-3583 343—-6090
5656588 581-12677

798-23556



Multicolor

if n= R(k,l), for any 2-coloring of K,
there exists a red K or a blue K.

R(r; ki, ko, ..., k)

if n=R(r; ki, ko, ..., k),
for any r-coloring of K, there exists a
monochromatic k;-clique with color i

for some i€{1, 2, ..., r}.

R(rs ki, ooy Koy ki, ki) < R(r-15 ko Koy R(25 Ko, 7))
color b

the mixing color trick:




Multicolor

if n= R(k,l), for any 2-coloring of K,
there exists a red K or a blue K.

R(r; ki, ko, ..., k)

if n=R(r; ki, ko, ..., k),
for any r-coloring of K, there exists a
monochromatic k;-clique with color i

for some i€{1, 2, ..., r}.

| Ramsey Theorem
R(r; ki, ko, ..., k) is finite.



ifn=R(r; ki, ko, ..., k),
for any r-coloring of K,, there exists a

monochromatic k;-clique with color i
for some i€{1,2, ..., r}.

(3

r-coloring [ (@) —{1,2,...,r}



Hypergraph
if n=R«r; k1, ko, ..., k),

for any r-coloring of ([?]), there exists

a monochromatic (t) with color i and

IS|=k; for some i&{1, 2, ..., r}.
n
complete #-uniform hypergraph ([ ]>

L
7]
[

r-coloring [ : ( > —11,2,...,7}



Partition of Set Family
If n=> RAr; ki, ko, ..., kr),
for any r-partition of ([Z’]) = C1U---UCy,

there exists an S C |n| such that [S| = k;
and (f) C (; for some ¢ € {1,2,...,r}.

ErdOs-Rado partition arrow

T — (kl,kg,...,kr)t



If n=Rur; k1, ko, ..., ky),

for any r-partition of ([?]) = C1U---UC,,
there exists an S C |n| such that \S| = k;
and (7) C C; for some i € {1,2,...,7}.

mixing color:

Rt(r; kl, ces ’ kr—l, kl”) < Rt(r_l; kla coe ’ Rt(za k”'l) kr))

Ri(kJ) < Ra(Ri(k-1.0), Rk J-1)) + 1

n=R.(R(k-1,0), R(k,-1))+ 1
goal: Vf: ( ) — {red, blue}
3(7), | X[ =kor (), [Y]|=1




R(kJ) < Ri(Ri(k-1.0), Rk J-1)) + 1

I = Rt_l(Rt(k'l ,l), Rt(k,l—l)) + 1
Vf: ([Ttl]) — {red, blue}

remove n from [n], consider ([?:11])
([n]=11,2,..,n})

define f': (” 1) — {red, blue}
vAe ("7, f(A) = f(AU{n})

n-1 =R.(R(k-1,0), R(k,-1))

< SC n—,S—Rt(k_ll) (t 1).Oyf/
or -
T C[n—1},|T] = R(k, 1= 1), (,2,) by f'

17




R(kJ) < Ra(Ri(k-1.0), Rk J-1)) + 1

n=R.(R(k-1,0), R({k,-1)) + 1
Vf: ([”]) — {red,blue}
define f’: ([n 1]) — {red, blue}
N vAe (") f(A) = F(AU {n})
symmetry 3S C [n —1],|S| = Re(k — 1,1),(,”,) by f’
X CS,|X] :k—l,(f) by f
YQS,|Y|:l,(St/) by f

V4 (X ut{ n }) by f <

OT <




If n = R«r; k1, k2, ..., kr),
V r-partition of <[7Z]> =C1U---UCy
Jie{1,2,...r} and SC[n] with ISI=k;

such that (f) C C.
mixing color:

Rt(l”; k1, cee , kr-1, ) < Rt(l”—l; kl, cee , Rt(Z; kr—l, ))

R(kJ) < Ri(Ri(k-1.0), Ri(kJ-1)) + 1

Theorem (Ramsey 1930)
RAr; ki1, ko, ..., k) is finite.




If n > R{r; k1, ko, ..., ki),
V r-partition of (@) =C1U---UCy
Jie{1,2,...r} and SC[n] with ISI=k;

such that (f) C C,

Theorem (Ramsey [930)
R«r; ki1, ko, ..., k) is finite.



If n = Rur; ki1, ko, ..., kr),

v r-coloring £ : ([7;’]) — |r]

Jie{1,2,...r} and SC[n] with ISI=k;

such that entire (f) is colored by i

| Theorem (Ramsey |930)
R«r; ki1, ko, ..., k) is finite.



fn=R(r; k) = Ri(r:k,... k)
R,_/

T

V r-coloring f : (@) o

7]
. (S .
3 a2 monochromatic (t) with SC[n] and ISI=k

| Theorem (Ramsey |930)
R«r; k) is finite.



Happy Ending Problem

Any 5 points in the plane, no three on a line, has a
subset of 4 points that form a convex quadrilateral.




Theorem (ErdOs-Szekeres 1935)

V m=3,3 Nim) such that any set of n=N(m)
eneral gosmor\
points in the plane o three on a line, contains m

points that are the vertices of a convex m-gon.

Polygon:

p—

.

convexX concave




Theorem (ErdOs-Szekeres 1935)
V m = 3,3 N(m) such that any set of n = N(m)

points in the plane, no three on a line, contains m
points that are the vertices of a convex m-gon.

Polygon:

convexX concave



Theorem (ErdOs-Szekeres 1935)
V m = 3,3 N(m) such that any set of n = N(m)

points in the plane, no three on a line, contains m
points that are the vertices of a convex m-gon.

N(m) = R3(2; m, m) 1 Xl = N(m)
Vi (3) —{0,1} 3SCX,|S|=m
S
(3)
X: set of points in the plane,no 3 on a line
b

Va,b,c € X, Aabc: points in triangle abc
° o f{a,b,c}) = |Agpe| mod 2




X: set of points in the plane, no 3 on a line

b Va,b,c € X, gpe: points in triangle abe
° o f({a,b,c}) = |Agpe| mod 2
a C
X
Xl =R3(2;m,m) Vf: (3) — {0,1}
— S
1S C X, |S| =m ()
S is a convex m-gon
Otherwise, b disjoint union: / Contradiction!

Aabc — Aabd U acd U Abccl U{d}
. f(abc) = f(abd) + f(acd) + f(bed) + 1

a



Happy Ending Problem

Any 5 points in the plane, no three on a line, has a
subset of 4 points that form a convex quadrilateral.




Data Structures

Problem: “Is x&S57”

; data set S € ([N]) key T € N| data universe [N]

n

Solution: . Complexity:
t Data structure: i !
> loga n

memory accesses
in the worst-case

sorted table




“UsxeS?”"  ze[N] Se (V)

Theorem (Yao 1981)
If N=2n, on sorted table, any search Alg
requires $2(log n) accesses in the worst-case.

| Problem: “Is nES?” VS C ([ ]) N=2n |
Induction on n, n=2, tr|V|aI
Suppose it is true for any smaller n.

adversarial argument + self-reduction



: Problem: s HES?” VSE ([ ]) N = 2n ,
Alg

first acce‘y kth entry

sorted
table

»

o L g =
)
|

B N—(n—k) 1fk>ﬁ

%
n =2 N’:|{%,,N—%}\Zn22n'




' Problem: “Is nESV” VSG ([ ]) N=2n |

>1+10g2 _logn Alg

first acce‘y kth entry

sorted
table

N_(n_k) ifk> g

g

n=35 “lsn'es’?” VS e ([n,]) N’> 2n

ILH. require log & memory accesses



| Problem: “ls HES?” VSE ([ ]) N=2n |

sorted
table

Alg

first accesw entry

K

1fk<

} o p055|ble
)Q{T[l],---,T[%]}




“UsxeS?”"  ze[N] Se (V)

Theorem (Yao 1981)
If N = 2n, on sorted table, any search Alg
requires $2(log n) accesses in the worst-case.

implicit data structure:
each S € (UZ]) is stored as a permutation of §

idataset S: z; < --- < =, '
([n]) is mapped to the same 7 :> same as

| table: (Zr(1), - Zr(n))|
3X C [N|,|X| > 2n, (f) monochromatic [ > sorted




“Isx€5?”  ze[N] Se (M)

Theorem (Yao 1981)
For sufficiently large N, on any implicit data

structure, any search Alg requires €2(log n)
accesses in the worst-case.

implicit data structure:

N > R,(n!;2n,...,2n) or N — (2n,...,2n)"
“~————"equivalently ————

3X C [N],|X| > 2n, () monochromatic = > =logn
accesses



Local Computation

distributed computing in a ring

n nodes, ID from [n]

maximal independent set (MIS)

for any input ring,
locally compute the MIS

t-local algorithm:

L : {t-permutations of [n|} — {0,1}

> f: (@) — {0,1}

f{ai,...,a:}) = L(a,...,a)
a1 < ao < ... < Qy



Local Computation

distributed computing in a ring

n nodes, ID from [n]

maximal independent set (MIS)

t-local algorithm:
i ([’;]) —{0,1}
n> Ry(2;t+2,t+ 2)

S
3 a monochromatic (t) S|=t+2

S:{al,...,at,at+1,at+2} a;r < ...<ap < Qg1 < Qg2



Local Computation

distributed computing in a ring

n nodes, ID from [n]

maximal independent set (MIS)

--------

t-Ioc‘;I algorithm:
L : {t-permutations of [n|} — {0,1}

n 2 Rt(2§t+ 2,1 + 2) ::> a5 = {&17 e 7at,&t+1,at+2}

£(a’17 . °7at) — £(CL2, R 7a’t-|—1) — L(Cl,g, s 7at-|—2)

construct a bad ring starting with

Contradiction!
(0,1, a2, ...,0t,A¢41, at-|—2)



Local Computation

distributed computing in a ring

n nodes, ID from [n]

maximal independent set (MIS)

--------

t-Ioc‘;I algorithm:
L : {t-permutations of [n|} — {0,1}
.2ct

n<Rg(2;t+2,t+2) <22

—
> t = Q(log™ n)

t




