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Dominos
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full parenthesization of n + 1 factors

((ab)e)d (a(bc))d (ab)(cd) a((bc)d) a(b(cd))

full binary trees with n + 1 leaves

PO NS SN



Catalan Number

C, : # of full binary trees with n 4 1 leaves

POD Nt SN

Cr  Cpo1-k

Co=1 forn >1,

n—1
Cr =) CrCrri
k=0



Generating Function



enerating Function

1.1 How to Count

4. The most useful but most difficult to understand method for evaluating SICRALD I S LANREE

f(i)1s to give its generating function. We will not develop in this chapter a rigorous
abstract theory of generating functions, but will instead content ourselves with
an informal discussion and some examples. Informally, a generating function 1s
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Generating Functions

THE MOST POWERFUL WAY to deal with sequences of numbers, as far

as anybody knows, is to manipulate infinite series that “generate” those se-
quences. We’ve learned a lot of sequences and we’ve seen a few generating

functions; now we’re rcady to explore gencrating functions in depth, and to
see how remarkably useful they are.




generate

enuraerate all subsets of
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Double Decks

choose m cards from
2 decks of n cards

# of m-order terms

coefficient of ¥ in (1 +x + 2*)"



Double Decks

choose m cards from

2 decks of n cards

A+@+a)" =Y (Z) (x + 22)F

k
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Multisets

multisetson S = {x1,29,...,2,}

(1_|_a;1_|_3;%_|_...)(1_|_3;2_|_x§_|_...)...(1_|_33n_|_x%_|_...)
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k>0

Taylor



Multisets

multisetson S = {x1, 29, ...

(1+xi+z5+- VA 4+ao+a5+---)- -

- Y
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Ordinary Generating Function
(OGF)

{CLn} ap, 1,09, ...

generating function:

O
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n=0

"G (7) = an
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generating function:

Fn—1+Fn—2 1fn227
F, =<1 ifn=1
" G(x) = Fx"
0 it n =0. ( ) nz>0
recursion:
Glz)=Fy+ Fo+ ) Fua"=z+ ) F,oa"+)» F, 1"

n>2 n>2 n>2

Y Fqa™ =) F,qa"=) Fua" =a2G(z)

n>2 n>1 n>0

n
ZFn—szf — E F pnt? :LI?ZG(QE)
n>2 n>0



generating function:

0 if n = 0. =
identity: G(z) =2+ (z + 2°)G(2)
. T
solution: G(z) = IR =7 Taylor?
denote ¢ = ! +2\/5 b = : _2\/5
T 1 1 1 1

1—$—x2:\@.1—¢$ \/gol—ggx



Fo 4+ F o ifn>2, generating function:
b, =41 iftn=1
0 it n = 0. (m) nZ>() L
identity: G(z) =2+ (z + 2°)G(2)
P B x
solution: G(z) = —
1 1 1
Vi 1=¢z 5 1—¢u
1 1 A
V5 2 (¢) \/5;2:0( )
1 .






Ordinary Generating Function
(OGF)

{CLn} ap, 1,09, ...

generating function:

O

G(IE):Z&nl’n:ao—l—alx—l—azaz2—|—---

n=0

1 - n __.1n
1—0@22& v

n=0



Formal Power Series

formal power series:  (G(z) = E Ap X'

n=0

Cl[z]] : ring of formal power series
with complex coefficient

Inverse
F@)G() =1 &> Fl) = G@) " = 5

(1 — az) (i a”x”) — 1 > 1 _10w _ Z o'z

n=0



Generatingfunctionology



“Generatingfunctionology”

1. Recurrence:
ag = 0 a1 = 1 Ap = Ap—1 T Ap—2

2. Manipulation:

G(xr) = Z a,xr" = x + Z Ay 12" + Z Gp_oX"

n>0 n>1 n>2
= 2+ (x4 2°)G(x)
3. Solving:

. B T 1 | 1 B 1 | 1
($)_1—:C—:l’;2 Vi 1—dx 5 1—¢ux

=Y o= (0 —dn)a

n>0




Generating Function Algebra
Glz) = goa"  Fla)=_ fua"

n>0 n>0

shift: "G (x) = Z gn_rx"

n>k

addition: F(x)+ G(x) = Z(fn + gn)x"

convolution: F)G(z)=> Y frgn_rz"

differentiation: G'(z) = Z(n + 1)gnirz"



“Generatingfunctionology”

1. Recurrence:
ag = 0 a1 = 1 Ap = Ap—1 T Ap—2

2. Manipulation:

G(xr) = Z a,xr" = x + Z Ay 12" + Z Gp_oX"

n>0 n>1 n>2
= 2+ (x4 2°)G(x)
3. Solving: expending!
x 1 1 1 1

Glz) = [ — _\@.1—051’_\/5'1—&:13

=Y o= (0 —dn)a

n>0




Generating Function Expansion

Taylor’s expansion:

()

n!
n >0

Geometric sequence:

= aZ(bm)”

n>0

aq a9 Ak

G(x) = | I
() 1 -6z 1—box 1 — brx

2" |G(x) = a1b] +azby + -+ arby



Generating Function Expansion

Binomial theorem: Newton’s formula

(1+2)* =Y (2‘):1;”

n>0

((1—|—33)Oé)(n) :a(cy—1)(@_2)...(@_n_|_1)(1_|_£E,)oz—n

generalized binomial coefficient:

<a> ala—1)(a—2)-(a—n+1)

B n!

n



Changing Money

n

k=0




Changing Money




Changing Money

> (&, 18, ¥, Kb, 53, £18)pa"
n>0
1

(1—2)(1 —22)(1 —219)(1 —220)(1 — 2°9)(1 — 219Y)



> (&, A, #, R, s, E4E)na"
n>0
1

(1—2)(1 —2x>)(1 —29)(1 — 229)(1 — 2°9)(1 — 2199)

= (I+az+2”+2"+-+27) 1+ +2"0 + 2+ + 27

(1 —|—51710 —|—372 30 _I_ —|—Zl§‘90)(1 —I—ZCQO —|—374O —|—£IZ‘60 —|—£1380)

(1 + z2°)
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n pairs of matching parenthesis

0) 0 000 OO0 (©0)

stack-sortable permutations of [n]

(0,1,2,...,n—1)




n pairs of matching parenthesis

0) 0 000 OO0 (©0)

2n people around a circular table shake hands,
No arms cross each other

SN Ty PS
O\o o o
AP RIS/



n pairs of matching parenthesis

(0) 0 000 OO  (00)
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monotone paths along n X n grids
below diagonal

A
&R
v

VL
Lo

v

v
Lo
VIRIRIAN

VoL
ER
v

AR
’ T ’

7/
7/ 7/
/i
7/ 7/ 7/ 7/
/ 7/ / 7/
7/ 7 7 7/
7/ 7/ 4 7/
vd v
7 /7 7/ 7/
7/ 7/ 7/ 7
7/ 7/ 7/ 7/
7/ 7/ /
i /i 74
7/ /7 7/ 7/
/ 7/ / e
7 7/ 7/ 7
7/ 7/ 7/ 7/
v
/7 /7 7 7
4 7/ 7/ 7/

monotonically non-decreasing function:
f:ln] = In]

satisfying f(i) <1 forall i € [n]




monotone paths along n X n grids
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sequence of n (+1)s and n (— 1)s,
every prefix-sum is nonnegative

full binary trees with n + 1 leaves

PO NS SN



full parenthesization of n + 1 factors

((ab)e)d (a(bc))d (ab)(cd) a((bc)d) a(b(cd))

full binary trees with n + 1 leaves

PO NS SN



triangulations of a convex (n + 2)-gon:

@%@@@@
o LU

full binary trees with n + 1 leaves

PO NS SN



Catalan Number

C, : # of full binary trees with n 4 1 leaves

POD Nt SN

Cr  Cpo1-k

Co=1 forn >1,

n—1
Cr =) CrCrri
k=0



Recursion:

Co=1
n—1
Cr =) CrCp1_p

k=0

Manipulation:

n—1
G(I’) — Z Cnilﬁn — CO -+ S: S: C’kC’n_l_km”

n>0 n>1 k=0




Generating Function Algebra
Glz) = goa"  Fla)=_ fua"

n>0 n>0

shift: "G (x) = Z gn_rx"

n>k

addition: F(x)+ G(x) = Z(fn + gn)x"

convolution: F)G(z)=> Y frgn_rz"

differentiation: G'(z) = Z(n + 1)gnirz"



Recursion:

Gx)’ =) > CpChpa”

n>0 k=0

Co=1

n—1
Cr =) CrCp1_p
k=0

Manipulation:
n—1

G(I’) — Z C’na?” — Co -+ >: >: C’kC’n_l_kw”

n>0 n>1 k=0




Generating Function Algebra
Glz) = goa"  Fla)=_ fua"

n>0 n>0

shift: "G (x) = Z gn_rx"

n>k

addition: F(x)+ G(x) = Z(fn + gn)x"

convolution: F)G(z)=> Y frgn_rz"

differentiation: G'(z) = Z(n + 1)gnirz"



Recursion:

Gx)’ =) > CpChpa”

n>0 k=0

CEG(ZE)Q — S: S: Ckcn_kilin—l_l
n>0 k=0

n—1
Cp, = Z CrCn—1—k 1
=0 = >: >: CrCn_1—rx"

n>1 k=0

Co=1

Manipulation:
n—1

G(x) =) Cpa"=Co+ ) D Crlnixa" =1+aG(x)’

n>0 n>1 k=0




Recursion: Manipulation:

G(z) =1+ 2G(z)’

Co=1
n—1 .
lving:
Cp = ChCriy Solving
k=0 14+(1—4 1/2
Or) = 1214

2T

Gz) =3 Cpa > lim G(x) = Co = 1




Recursion: Manipulation:

G(z) =1+ 2G(z)’

Cop=1
n—1 .
lvin
Cro =3 ChCryy Solving
k=0 1 — (1 —4x)1/?
Or) = L -1 40

Expanding:  Newton's formula

(1 — 4z)/? :Z(lf) —4z)" _1+Z(1/2>

n>1

=1+Z<n1fl)( da)" ™ _1—4332(1/2)

= n>0



Recursion: Manipulation:

G(z) =1+ 2G(z)’

Co=1
n—1 .
olving:
Cp = ChCriy Solving
k=0 1 — (1 —4x)1/?
Or) = L -1 40

Expanding: (1—4z)/2 —1_ 4932 ( L2 >(—4x)”

>0 n+ 1

Clz) — 1 —(1—4x)'? QZ ( 1/2 )(—4:17)"

2T "0 n -+ 1

~370 (nli 21> (—4yngn

n>0
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Average-Case Analysis
of QuickSort




Quicksort

input: an array A of n numbers

Qsort(A):

choose a pivot x = A[1];

partition A into L with all L[i | < x,
Rwithall R[i | > x;
Qsort(L) and Qsort(R);

Complexity: number of comparisons
worst-case: ©O(n?)

average-case. ?



Qsort(A): Tn X
choose a pivot x = A[1]; average # of comparisons
partition A into L with all L[i ] < x, used by Qsort
R with all R[i ] > x ; taken over all n'!
Qsort(L) and Qsort(R); total orders of A

pivot: the k-th smallest number in A
ILl = k-1 IRl = n-k

Recursion:

n

1
T, = EZ(n—lJer_lJrTn_k)

k=1
Ty =T, =0



Recursion: Manipulation:

n

Tn:%Z(n_1+Tk—1+Tn—k) ZTnZU

k=1

Ty =T, =0

n

nTpy=Y (n—1+Te1+Tnh )
k=1

Z nlnr” — Z (zn: (mn—1+T,_1+ Tnk)) "

nz0 n>0 \k=1

= n(n—1) +22(2Tk)

n>0 n>0



Recursion: Manipulation:

| 1
Tn=52(n—1+Tk—1+Tn_k) G(x):ZTnx”

n>0




Generating Function Algebra
Glz) = goa"  Fla)=_ fua"

n>0 n>0

shift: "G (x) = Z gn_rx"

n>k

addition: F(x)+ G(x) = Z(fn + gn)x"

convolution: F)G(z)=> Y frgn_rz"

differentiation: G'(z) = Z(n + 1)gnirz"



Recursion: Manipulation:

| 1
Tn=52(n—1+Tk—1+Tn_k) G(x):ZTnx”

n>0




Recursion: Manipulation:




Generating Function Algebra
Glz) = goa"  Fla)=_ fua"

n>0 n>0

shift: "G (x) = Z gn_rx"

n>k

addition: F(x)+ G(x) = Z(fn + gn)x"

convolution: F)G(z)=> Y frgn_rz"

differentiation: G'(z) = Z(n + 1)gnirz"



Recursion: Manipulation:

n

Tn:%Z(n—l—l—Tk_l—FTn_k) ZTm

n>0




Recursion: Manipulation:

n

Tn:%Z(n_l_l_Tk—l_l_Tn—k) ZT%

n>0




Recursion: Manipulation:

n

| 1
Tn=52(n—1+Tk—1+Tn_k) G(x):ZTnzL‘”

k=1 >0
Ty =17=0

Solving: first-order linear differential equation

y + P(x)y = Q(z)

-93:L u(x)Q(x) dx ith w(x) = o Plx)de
y(2) = = [u(@)Q)ds with u(z)



Recursion: Manipulation:

n

| 1
Tn:ﬁZ(n—l‘FTk—l‘l‘Tn—k) G(x):ZTnzL‘”

k=1 >0
Ty =17=0

Solving: first-order linear differential equation

2 2 _ 2 .
G(z) =el T dx/(l—x)ige J 7% 4w g




Recursion: Manipulation:

n

| 1
Tn== (n=1+Tiy+Tp) G(z) =) Tpa"

k=1 >0

Th =15 =0
— G(a) = 2 °_G(a)
x_(l—x)?’ 1 —z v

Solving: G(x) = In

Expanding: i _233)2 =23 (n+1)2" In L $ o

1l —=x
n>0 n>1

Taylor

G(x) :2Z(n+1)x”2% :22 (Z(n—k—l—l);) x"
n>1 \k=1

n>0 n>1



Recursion: Manipulation:

n

| 1
Tn:EZ(n—l‘FTk—l‘l‘Tn—k) G(x):ZTnaﬁ”

k=1 >0
fo=11=0 2x 2

C(1-2)3  1—=x

2 1

Solving: G(z) = 1) In —

Expanding: G(x) =2) (Z n—k+ 1)]1) "

n>1
k=1 k 1

=2(n+1)H(n) —2n =2nlnn+ O(n)




