Probability Theory &
Mathematical Statistics

Concentration of Measure

#F—i@ Nanjing University, 2024 Spring



J W W © VWV VYV VYV VT V V V V V V V V VV Vo

-

|'J
]
C

Bernoulli’s Law of Large Number
In Ars Conjectandi (1713)

Pr(|)_(n—p| >€) —- (0 asn— o©

 How fast is the convergence rate:
] — 1
p(l —p) <
ne? dne?

. Chebyshev’s inequality gives: <

—Q(e’n)

 CLT (and de Moivre—Laplace): should be Gaussian-like €
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Sum of Independent Trials

(Poisson binomial distribution)

e Let X;,...,X € {0,1} beindependent trials (also called Poisson trials),
which are not necessarily identically distributed, and let

Sn = i Xi
=1

(called Poisson binomial random variable)

e Deviation / concentration / tail bounds:

Pr(\Sn— =[S, ]| Z?) <?




Life in Los Angeles

*DERNVED FROM VARIOUS EDUCATION, INCOME AND HOUSING FACTORS
**DERMVED FROM VARIOUS HEALTH, CRIME AND TRANSPORTATION FACTORS

Hoeffding

Chernoff-
Bounds




Chernoff Bound / \

» Chernoff bound: Let X, ..., X &€ {0,1} be independent trials

X = i Xi and U = _[X] (Poisson binomial RV

with mean u)
=1

5 H
Pr(X > (1 +o)u) < ( - )

e Forany o > 0,

(1 + 8)(1+9)

e« Forany0 <o < 1,

e !
Pr(X < (I —o)u) < ((1 _ 5)(1—5))




Chernoff Bound (Upper Tail)

e Let X, ...,X € {0,1} be independent trials with X = Z?lei and u = E[X]

O

U
Foranyo > 0: Pr(X>(14+0o)u) < ( - )

(1 + 8)1+0

Proof:  Pr(X > (1 + 8)u) < Pr(e™ > e ™) (for any 1> 0)

< e—t(1+5),u = [etX]

(Markovs inequality)




Moment Generating Function

 The moment generating function (MGF) of a random variable X is
k k
e[ X
 ElaX7] —
My (1) = E[e™] = Z X
k>0
 If X;,...,X, € {0,1} are independent with X = Z?lei and u = [£| X]|, then
My(t) = E[e™] < e

Proof: I [etX] = lﬁetXil — ﬁ : [etXl] — ﬁ (etpi_|_ (1 — Pi)) < ﬁe(ef—l)pi

(independence) (where p;, = E[X}]) (because 1 +x < ¢e")

< e T ©=Dp; — o=

n

(where y = 2. p;)



Chernoff Bound (Upper Tail)

e Let X{,...,X € {0,1} be independent trials with X = Z;;Xi and y =

7
Foranyo > 0: Pr(X > (1 +0o)u) < (6—5)

(1 + 8)1+0

Proof:  Pr(X > (1 + &)u) < Pr(e™ > e ™) (for any 1> 0)

(Markovs inequality)

(minimized at stationary point ¢ = In(1

< 1140

0))

- [etX] < e—t(1+5)//t . e(et—l)//t

H
— ale—1-t+op = (&
WWWWWWWWWWWWW A o (1 + 8)(1+5)

(choose t = In(1 + 0))

= [ X ]




Chernoff Bound (Lower Tail)

e Let X{,...,X € {0,1} be independent trials with X = Z;;Xi and y =

6_5 H
Forany0<o<1: PriX<(1—-90)u) < (m)

Proof: Pr( X <(1—-0o)u) <Pr (etX > et(l_(s)”) (for any t < 0)

(Markovs inequality) < e~ 1= . [etX] < e -0 gle'=Du

NG B ) T e \"
- (1= 6)0-9)

(choose t = In(1 — 0))

= [ X ]




Chernoff Bound / \

» Chernoff bound: Let X, ..., X &€ {0,1} be independent trials

X = i Xi and U = _[X] (Poisson binomial RV

with mean u)
=1

e Forany o > 0,

e e~ 3 1T O <0<l
Pr(X > (1 +06)u) < =
( ( M) ((1 + 5)(1+5)) {2(”5)” if (1+4+0)>2e

e« Forany0 <o < 1,

6_5 ’ 152
Pr(X < (1 —o)u) < ((1 — 5)(1_5)> <e T




Balls into Bins

(Multinomial distribution)

e Throw m balls into n bins u.a.r. Numbers of balls received in each bins:

(X, X5, ..., X ) ~ multinomial distribution of parameters m, (\1 /n, ...,l/ljl)

e

Occupancy problem: the maximum load max X; w.h.p. (with highnprobability)

1<i<n
logn
0, ( - ) ifm=n
loglogn i
max X; = w.h.p. (with prob. 1 -0 (—))
n
I<isn 0, (%) ifm>nlnn

5 T - - , 40 " v : v
0

balls =600, bin balls 5000 bin

Lu.mmwl M




Occupancy Problem

« Throw m balls into n bins u.a.r. The 1-th bin receives X; balls:

m
Marginally, X; ~ Bin(m,1/n) and u=E |X;| =—
n
e Whenm =n: u=1 .
Pr(X>L) Pr(X>L) < - < : for L clnn
. — . — — or L =
| — j = LM — €LL T n2 Inlnn
5 K
Chernoff: Pr(X; > (1 +0o)u) < ((1 +°;)(1+5))
n ( log n )
1 max X. = O
Union bound: Pr ( max Xi > L) < Z Pr (Xi > L) < — = lsisn log log n
* 1<i<n i1 n w.h.p.



Occupancy Problem

« Throw m balls into n bins u.a.r. The 1-th bin receives X; balls:

Marginally, X; ~ Bin(m,1/n) and u=E |X

e Whenm >nlnn: u>lInn
2em

1
= Pr (X, > 2ep) <277 <27 < —
n n2
Chernoff: Pr(X;> L) <27 if L > 2eu

Pr| X. >

2em L 2em | X.=0 (ﬂ)
Union bound: Pr| max X; > < 2 Pr| X > <— = ISign n
1<i<n n 1 n n w.h.p.



Chernoff-Hoeffding Bound

* Chernoff-Hoeffding bound:

n
If X,....,X € {0,1} are independent and S, = 2 X, then for any ¢ > 0,
i=1

Pr( S, —ELS, ]| > t) < 2exp (—%2)

In general, if X, ..., X areindependentand X. € [a,b.], | <1 < n, then forany ¢ > 0,

12

21°
Pr( S, — E[S, ]| = t) < 2exp (— ST a)2>
j=1 71




Hoeffding’s Lemma*

» Hoeffding’s lemma: If Y € [a, b] a.s. and E[Y] = O, then its MGF

M,(2) = E [ezy] < ot (b—a)’i8

Proof: Define ¥, (1) = InE |e*"|. It suffices to prove ¥ (1) < 1*(b — a)*/8.

/12
Taylor’s expansion: 3¢ € [0,4] s.t. ¥y(1) = ¥,(0) + 1¥}(0) + 7‘11?(5) <

My(0) = 1 and M(0) =

y My (&) M)
Ty(g ) = — -

My(E)  My&)

<
for a new random variable Z with CDF F,(z) = J

Notice also Z € [a,b] a.s. = Var [Z] = Var [Z

1%(b — a)?

3

[Y]=0 = ¥,(0) =0 and ¥(0) = M{(0)/M(0) = 0

= [Y2e8Y IMy(&)] — E [Yef/M(&)]” = Var [Z]
asy
—[es]

a+b
2

dFy(y) (Lebesgue-Stieltjes integral)

< [(Z a+b>2] - (b — a)
2 4




Chernoff-Hoeffding Bound

. Chernoff-Hoeffding bound: If §, = ZXZ' and X; € |a;, b.| are independent, then

V> 0,

Proof: Let ¥, = X, —

Pr (S, — E[S,] > 1) = Pr(Y > 1) < Pr (e > &)

(Markov’s inequality) < e=# . [E [e’IY ] — e

Pr( S, — EL[S, ]

n

“[X:]Jand Y =S, —

l
=1

21
> t) <2lexp| ——;
( Zi=1 (bl o ai)z)
E[S,]= ), Y, = E[Y] = E[¥]] = 0
=1

(for any 4 > 0)

n

ﬁem] — ot H = [e”

=1

A 212
z' b.—a)? | =
S ' ( | al) ) oF ( Z;;l (bi R ai)z

by choosing:
) u
A=

] (independence)

Z;;l (bl o ai)z



Chernoff-Hoeffding Bound

_ Chernoff-Hoeffding bound: If S, = ZX and X; € [«
=1

2t*
Vi > 0, PI'( Sn_ _[Sn] Zt)SZexp(— Zn (b )2)
i=1 \Pi — 4

b.| are independent, then

1° 1

Proof: Let Y, = X. — E[X;]and Y = S, — E[S,] = ZY — E[Y] = E[Y,] =0

Pr (Sn— -[S,] < — t) =Pr(Y< -1 Pr( ’1Y> e_’“) (for any 4 < 0)

n

(Markovs inequality) < e/ . [ [e”] — el [HeﬂYl — e/, H = [e’IYi] (independence)

by choosing:
2t
(Hoeffdings lemma) < exp (b, — a)* . L
Z zi=1 (bi - ai)z Z?:l (b — a;)



Chernoff-Hoeffding Bound

* Chernoff-Hoeffding bound:

n
If X,....,X € {0,1} are independent and S, = 2 X, then for any ¢ > 0,
i=1

Pr( S, —ELS, ]| > t) < 2exp (—%2)

In general, if X, ..., X areindependentand X. € [a,b.], | <1 < n, then forany ¢ > 0,

12

21°
Pr( S, — E[S, ]| = t) < 2exp (— ST a)2>
j=1 71




Sub-Gaussian Tail

1 ' | ' 1
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* Chernoff-Hoeffding bound:

n
If X,....,X € {0,1} are independent Poisson trials and §, = Z X, then for any ¢ > 0,
i=1

S —E[S,] 12
Pr >t <2exp| ——
\/%/2

. Note that 6(5,) =/ Varl[S$,] =4/ Z?zl Var[X | < \/;/2

 The “worst-case” standardized S, has a sub-Gaussian tail €

—Q(t%)




Sub-Gaussian Tail

* Chernoff-Hoeffding bound:

12

IfS, = 2 X, where X; € [a,,b,;], 1 <1 < n, are independent, then for any ¢ > 0,
i=1

S —E[S,] t
Pr > 1| <2exp| ——

\/ Z;;l (b; — a;)*/4 2

IA

— I ] | 2] _ 1)\2
. Z€la,b] = |Z a;b bza — Var|Z] = Var|z a;b <[k (z—“+b) P i),

2
 The “worst-case” standardized S, has a sub-Gaussian tail e 44




Controlling a Fair Voting

* In a society of n isolated (independent) and neutral (uniform) peoples, how many peoples
are there enough to manipulate the result of a majority vote with 1 — o certainty?

e Let$, = X, + --- + X fori.i.d. Bernoullirandom variables X, ..., X with parameter 1/2.

Pr([s,- (-5, zr):&( S —E[S,) >£)

t2
S 2€Xp —2— < O
n

e Acliqueoft > \/2n In(2/6) peoples is enough



Error Reduction (two-sided case)

e Decision problem f: {0,1}* — {0,1}.

» Monte Carlo randomized algorithm &/ with two-sided error:

. Vx e {0,1}* Pr(d(x)=f(x)) 2> % + p

o /" independently run & for n times, return majority of the n outputs

Pr(g/"(x) # f(x)) = Pr (Sn < g) = Pr (S, < E[S,] = pn) < exp(—2p°n) <9
when n > L1nl

where §, = X, + ---X , and X: = I[9/(x) = f(x) in ith run] ~ o2 S



The Median Trick

« Computation problem f: {0,1}* — R.

» Randomized approximation algorithm &f: Vx € {0,1}*,

 Pr(d/) € (1 £ e)f(0) = Pr((1 - Yfx) < AW < (1 +f(0) 2= +p

2

e /" independently run & for n times, return median of the n outputs

o Let X =1I[d(x) € (1 £e€)f(x)intheithrunof H(x)] —

. Observation: "(x) e (1 xe)f(x) if §, =X, +--+X > Z

Pr((x) & (1 £e)f(x)) <Pr (Sn < ﬁ) < Pr (S, <E[S,|—np) <e " <5

2

(X ] > 1/2+p

2

1 1
when n > — In —

2p? 0



Bounded Differences

The Method of
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The Method of Bounded Differences

 McDiarmid’s Inequality:

Let X, ..., X, be independent random variables, where X; &€ Sl"i for all 1.

Ff: QX XL, = |

Vi sup

X E€X,... X, EXL , X EL

then for any ¢ > 0,

Pr( Xy X)) —

satisfies the bounded differences property:

SO oo X)) = (X oo s X Xy Xy g - X)) | S €

_[f(Xl’ 9Xn)]

212
> t) <lexp| ——;
( z:i=1cl'2)

» Chernoff-Hoeffding: fis sum of |a,, b;]-bounded variables

Every Lipschitz function is approximately a constant function in product measures.



Pattern Matching

¢ 5 =(5,...,5,) € Q": uniform random string of n letters from alphabet Q with |Q| = g

 For pattern 7 € Qk, let X be the number of appearances of 7 in s as substring
n—k+1
X = Z Ilm=s; 01 i1l =[f(sq,...,5,) has k-bounded differences
i=1
n—k+1

) Linearity of expectation: E| X | = Z -[Il-] =(n—k+ 1)q_k
i=1

212

nk?

McDiarmid’s Inequality: Pr ( | X — E[X]| > 1) < 2exp ( -



Empty Bins

Y = 2 [|1th bin is empty|
i=1

* Linearity of expectation:

~EN 1\"
- Y] = ZPr(lth binisempty) =n | 1 ——

n
=1

. Deviation: Pr(|Y— -[Y]| > t) < ?




Empty Bins

X, ...,X € [n] are uniform and independent.

« Let Y be the number of empty bins: (Applies to any f(X|, ..., X,) with bounded differences)
Y=n—-|{X,X5,....,X }|

has 1-bounded differences

 McDiarmid’s Inequality:

21
Pr(|¥-ElY]| 2 1) <2exp( -—




The Method of Bounded Differences

 McDiarmid’s Inequality:

Let X, ..., X, be independent random variables, where X. € X ; for all i.

ff: X, X+ X, = R satisfies the bounded differences property:

Vi Sup fxg, oo X)) = Xy ooy X (3 X Xy 15 e X)) | S
X EX ... X, EXL X EL,

then for any ¢ > 0,

Pr(|f(X1,...,Xn)— (A, X )] | 2 t) < 2exp 2
Zn

2
i—1 ¢

Every Lipschitz function is approximately a constant function in product measures.



Doob Sequence

» The Doob sequence Y,,, Y, ..., Y, of n-variate function f :

random variables X, ..., X , is given by

VO <i<mn:

no information

Yi=

=E [ f(X},.... X))

sy

0

= [ AKX X) | X X

e [y, X)) =

n

, —  full information

r( A, X)) -

40

60 80 100

(XL X)) | <t



Doob Sequence

n

— |

+ The Doob sequence Y, Y;, ..., Y of n-variate function f : |
random variables X, ..., X , is given by
VO<i<n Y, =E|[fX,...X)|X,....X;]

fe.0.0 0.0 0)

“[f]1 =Y,

H/_/

averaged over

on



Doob Sequence

» The Doob sequence Y, Y;, ..., Y, of n-variate function f : R" — R on
random variables X, ..., X , is given by

VO<i<n: Y, =E|fiX,...X)|X,....X;]

randomized by

NOXCX X X X3

H/_/

averaged over

“|fl=Yy = I




Doob Sequence

» The Doob sequence Y, Y;, ..., Y, of n-variate function f : R" — R on
random variables X, ..., X , is given by

VO<i<n: Y, =E|fiX,...X)|X,....X;]

randomized by

—
[(®.0 0.0 0 @)
H/_/

averaged over

“|fI=Yy—=>1, =T,




Doob Sequence

» The Doob sequence Y, Y;, ..., Y, of n-variate function f : R" — R on
random variables X, ..., X , is given by

VO<i<n: Y, =E|fiX,...X)|X,....X;]

randomized by

—

JIOROROX X X3
H/_/

averaged over

“[fl=Yy—> ¥ = ¥, = I3




Doob Sequence

» The Doob sequence Y, Y;, ..., Y, of n-variate function f : R" — R on
random variables X, ..., X , is given by

VO<i<n: Y, =E|fiX,...X)|X,....X;]

randomized by

—
[(0.0.0.0.¢.9)

averaged over




Doob Sequence

» The Doob sequence Y, Y;, ..., Y of n-variate function f : |
random variables X, ..., X , is given by

VO<i<n Y, =E|fX,...X)|X,..

randomized by

e
f(©.0.0.0 @)

averaged over

[ fl=Yy =Y = Y,=>Y,>Y, =Y




Doob Sequence

+ The Doob sequence Y, Y;, ..., Y of n-variate function f : |
random variables X, ..., X , is given by

n

— |

VO <i<n Y. = —[f(Xl,...,Xn)|X1,...,Xi]

randomized by

/_/H
f(©.0.0.0 0 O)

. fl=Yy> 11> > I3 >0 > Is—> Yo=f

information

on

full
information



Doob Sequence

+ The Doob sequence Y, Y;, ..., Y of n-variate function f : |
random variables X, ..., X , is given by

VO<i<n Y, =E|[fX,...X)|X],...,

X.

l

on



Doob Sequence

— [R on

+ The Doob sequence Y, Y;, ..., Y of n-variate function f : |
random variables X, ..., X , is given by

VO <i<n Y. = —[f(Xl,...,Xn)|X1,...,Xi]

. Martingale property: E |Y;|X,,....X, | =Y, A
Proof: [ [Yl | X, ...,Xi_l]

1 |
I I
>\H : |
- | =
B
| \9>< \:
4 — | -
| sN
| T
ek i
i R
S
<
|
-
e——

R oz

_"T._ ol e

eomene E[E1Z1 7.1 X| = E |21 X

|
h<

Joseph Doob



Martingale




Martingale ()

» Asequence {Y, : n > 0} of random variables is a martingale with respect to
another sequence (X, : n > 0} if, foralln > 0,

o -[\Yn\] < 0

. [ [Y | Xo, X ,Xn] =Y,  (martingale property)

n

o By definition: ¥, is a function of X, X, ..., X

n

« Current capital Y, in a fair gambling game with outcomes X, X, ..., X,
» Super-martingale (_E#k): [ [YnJrl | X, X, ,Xn] <Y
» Sub-martingale (T $%): & [Yn+1 | X, X, ,Xn] > Y




Martingale ()

» Asequence {Y, : n > 0} of random variables is a martingale with respect to
another sequence (X, : n > 0} if, foralln > 0,

. —[\Y\]<oo

. [E [Y i \XO,Xl,...,Xn] =Y (= Y, isafunctionof X, ..., X )

» {X, : n > 0} are defined on the probability space (€2, 2, Pr)
* (XO, Xl’ o Xn) defines a sub-o-field Zn C 2 (the smallest o-field s.t. (Xy, ..., X,) is 2 -measurable)

e 12, :n2>0}isafiltrationof 2,ie. 2, C 2, C --- C 2

« The martingale property is expressed as I [Yn 0] Zn] =Y,




Examples of Martingale
« Doob martingale: Y, = [C [f(Xl, X)) | X, ...,Xi]

l

* vertex/edge exposure martingale for random graph

* Capital in a fair gambling game (arbitrary betting strategy)

Unbiased 1D random walk: Y, = ) X, withi.id. uniform X; € {—1,1}
=1

de Moivre’s martingale: Y, = (p/(1 — p))*n, where X = Z X and
X; € {—1,1} are independent with Pr(X; = 1) = p i=1

 Polya’s urn: The urn contains marbles with different colors. At each turn, a
marble is selected u.a.r., and replaced with kK marbles of that same color.



Studies of Martingale

o] 20 40 50 80 100

 For martingale {Y, : n > 0} with respectto {X :n > 0}:

n

= [ tn+1 | Xo, X5 ’Xn] —
 Concentration of measure (tail inequality): under what condition

Pr ‘Yn_YO‘ >1) <7
e Optional stopping theorem (OST): under what condition for a stopping time 7

=[ Y] = E[X]




Martingale Tail Inequality

» Azuma’s inequality: If a sequence (Y, : n > 0} is a martingale (with respect

to some sequence (X, : n > 0}),and foralln > 1,

thenanyn > 1 andany r > 0:

Pr

* Intuition: Your capital does not change too fast if

Yn_YO

Yn o Yn—l < Ch

>1) <2exp

e the game is fair (martingale

* the changes to the capital are bounded

40

40

100



The Method of Bounded Differences

---------------------------------------------------------------------------------------------------------------------------------------------

-« Azuma’s inequality: If {Y, : n > 0} is a martingale with bounded differences

212
> t) <2lexp| ——;
( Zizlciz)

---------------------------------------------------------------------------------------------------------------------------------------------

---------------------------------------------------------------------------------------------------------------------------------------------

---------------------------------------------------------------------------------------------------------------------------------------------

e The method of bounded f(X) of random variables
X = (X, ..., X)) satisfies an average-case bounded differences property:

Vi<i<n ‘ [/ 1 X, .0 X - E [fX) \Xl,...,Xi_l]‘ <ec

2t
—> forany > 0, Prl fX) = E[f/(X)]| = t] < exp (— 5 )

2
i=1 i



Bounded Differences Properties

(Worst-Case — Average-Case Bounded Differences)

» Function f(X) of random variables X = (X, ..., X))

« f X, € X . foralll <i<nareindependent,andf: | X -+ X X, = |
satisfies the bounded differences property:

Vi Sup FOg ees X)) — Xy ooy X (5 X X gy -en X)) | S C
€L ,... X, EXL , XEL

then f(X) satisfies the average-case bounded differences property:

Vi [E[fX) X, .0 X] = E[fX) | X, X ]| <6

2
i—1 ¢

2t
—> forany t > 0, Prl (X)) - E[f(X)]]| 2 t] < exp (— % )



The Method of Bounded Differences

 McDiarmid’s Inequality:

Let X, ..., X, be independent random variables, where X. € X', for all i.

ff: X XX, — R satisfies the bounded differences property:

Vi Sup JOg oo X)) — Xy ooy X (5 X X gy -0 X)) | S C
X €L ,... X, EXL , X EL

then for any t > 0,

Pr(|f(X1,...,Xn)— -[f(Xl,...,Xn)]| > t) < 2exp (_ 21 )
zn

i=1 1




Martingale Tail Inequality

» Azuma’s inequality: If a sequence (Y, : n > 0} is a martingale (with respect
to some sequence {X, : n > 0}),and foralln > 1,

Yn o Yn—l < Ch

thenanyn > 1 and t > O:

21
Pr( Y — Y, Zt) SZexp(— 5 2)
C:

i=1 "

Proof: Difference D; =Y, - Y;,_;and Sums,= ) D,;=Y, - Y
=1

21
New goal: Pr( 5, 2t> <lexp| ——
2y €

i=1"1




Proof of Azuma’s Inequality

. Y, :n >0} isamartingale (w.rt. {X, : n > 0}) satisfying |Y,— Y, | <c¢,forn > 1

Difference D; =Y, — Y, ; and Sum §, = Z D.=Y —Y,
i=1
e {Y :n >0} ismartingale w.rt. {X :n >0}

— E|D,| Xy X, | =E|Y, =Y, | Xop - s X,y |
Y X oo X | —E | Yoy | Xy oo Xy | = Yl = Yl =0

. Bounded difference: |Y, -Y, | <¢,—D,=Y, —-Y, _,€l—a,b,]forb, —a, =c,

 Hoeffding’s lemma: [E [Dn | X, ""Xn—l] =0and D, €|—a,b,| forb,—a, =c,
—  E[eP ] X, .. X, | <t




Proof of Azuma’s Inequality

. Y, :n >0} isamartingale (w.rt. {X, : n > 0}) satisfying |Y,— Y, | <c¢,forn > 1

n
Difference D; =Y, — Y, ; and Sum §, = Z D.=Y —Y,
i=1

— [e/IDn ‘ XO’ . °’Xn—1] < 6/120,3/8

o] =B [E [0 X, X,] | = E [E [0 X, X,

] l_ [ellan | e/IDn | XO, ,,.,Xn_l]] — [E le/lan . [F [eﬂDn ‘ XO’ ...,Xn_l]]

2.2 2.2
- leﬂSn—l o cn/sl = P8 L [ [e/5]

IN

.= E[e] <exp (520, )



Proof of Azuma’s Inequality

. 1Y :n2>0}isamartingale (w.rt. {X, : n > 0}) satisfying | Y, —

+ (Upper tail) Pr(Y, — Y, > 1) = Pr(S, > 1) < Pr (e’
. [E [e’lSn] Sexp( /1t+’12 Zl | l) = exp (_

—1)=Pr(§, <—1) < Pr (e’lSn > e_’“) (for any 4 < 0)

(Markov) < e

o (Lower tail) Pr(Y, —7Y, <

(Markov) < e* .

— At

n
Difference D; =Y, — Y, ; and Sum §, = Z D.=Y —Y,

=1

2

=[] < exp (% > 6}2)

Y, (| £c,forn>1

Sn > e’“) (for any 4 > 0)

52 by choosing:
) = 4t
=1 Cl Zi=1 Ci2

[e”‘S] <exp(/1t+ Zl | Z)=exp (—

2 by choosing:
—4¢

7 =

i1 >, 7



Martingale Tail Inequality

» Azuma’s inequality: If a sequence (Y, : n > 0} is a martingale (with respect
to some sequence (X, : n > 0}),and foralln > 1,

Y =Y (| Lc,
thenanyn > 1 and t > O:
21
r(|Y,— Yy =2t) <2exp| ——;

40
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Martingales from Random Graph

/r /r /r (ol

» Random graph G ~ G(n, p)

« Graph parameter f((G): chromatic number, cligue number, expansion, ...

 Edge exposure martingale:
Y, =E[fG)|X,,....X], 1<i< (1)

n
2

where X;, ...,X( ) are .i.d. Bernoulli(p), s.t. X; = I[ith vertex pair is an edge in G}

2
* Vertex exposure martingale:

Y, =E[AG) | X,....X], 1<i<n
where X; = G[{1,...,i}] is the subgraph of G induced by the first i vertices




/r /r

Coloring Random Graph

/r /r /r (ol

» Random graph G ~ G(n, p)

« Chromatic number y(G): smallest number of colors to properly color G

* Vertex exposure martingale:

where X; = G[{1,...,i}] is the subgraph of G induced by the first i vertices

* Observation: a vertex can always be assign a new color to properly color G
Y, —Y_ [ <1

. Azuma'’s inequality: Pr ( | (G) — E[x(G)]]| > + /Cn) < De~2¢



