Randomized Algorithms



M = (€2, P) stationary distribution:
pz(,f) . distribution at time 7 when initial state is x

Ay (t) = |Ip — 7llrv A(t) = max A, (1)

xe()

re(e) = min{t | Ap(f) <) 7(e) = max7 (e

Theorem

P is symmetric, with eigenvalues A1 > A2 > --- > A,
Let Amax = max{|Asal, [A\n|}
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Graph Spectrum

d-regular undirected graph G(V.E)
adjacency matrix A

eigenvalues: )\, > )\, > ... > ), €« graph spectrum

Theorem
Lazy random walk on d-regular graph with spectrum
A1 > A2 2 --- > Ap has mixing rate
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d-regular undirected graph G(V.E)
graph spectrum : A1 = A2 > 2> Ay

Theorem
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Expansion

undirected G(V, FE)

ES,T)={weFE|uecSveT}

edge boundary
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Expander Graph

6(G) = min 122!
scv |5
HEe

Expander graphs (combinatorial definition):
d-regular graphs with constant degree d
and constant expansion ratio ¢(G).

® sparse;

® “expanding” (well connected);



“A Magical Graph!”

® Existence!
® random graph is an expander w.h.p.
e Computation ?

® co-NP-complete



Theorem (Cheeger’s inequality)

G is a d-regular graph with spectrum A\; > Ay >

—> d;)‘2<q§ ) < 4/2d(d — \2)

spectral gap: d— o = A1 — X\

expander graphs (algebraic definition):

d-regular graphs with constant degree d
and constant spectral gap



Eigenvalues vs Optimization

Rayleigh-Ritz Theorem

Let A be a symmetric matrix with eigenvalues
)\1 2)\2 Z Z)\n Then
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Eigenvalues vs Optimization

Courant-Fischer Theorem

Let A be a symmetric matrix with eigenvalues
)\1 Z)\Q Z Z)\n Then
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Eigenvalues vs Optimization

Rayleigh-Ritz Theorem
Let A be a symmetric matrix with eigenvalues
)\1 2)\2 Z Z)\n Then
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Graph Laplacian

d-regular undirected graph G(V,E)
adjacency matrix A

graph Laplacian L =dI — A

d u=wv
L(u,v) =< -1 u#v,{u,v} el

0 otherwise

quadratic form:

! Ly = Z Z (22 — xy1,) = Z (Ty — xy)7
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Variational Characterization

d-regular undirected graph G(V,E)
graph spectrum A > Xy > - > A,

graph Laplacian L =dl — A

TL Ly — Lo 2
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Variational Characterization

d-regular undirected graph G(V,E)
graph spectrum A > Xy > - > A,

graph Laplacian L =dl — A
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d-regular undirected graph G(V,E)
graph spectrum A > Ao > .- >\,
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d-regular undirected graph G(V,E)
graph spectrum A > Ao > .- >\,
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d-regular undirected graph G(V,E)
graph spectrum A > Ao > .- >\,
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Theorem (Cheeger’s inequality)

G is a d-regular graph with spectrum A1 > Ap >

= T2 < (@) < V2d(d— )

spectral gap:  d— Xy = A\; — X




)\max — max{\)\2|, |)\n|}

symmetric chain lazy walk on d-regular graphs
Ilnn+Int d(lnn + In 5-)
2 2€ 2€
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Cheeger’s inequality: — — < ¢(G) < V2d(d — \s)
0S i
5(G) = min \‘S‘| lazy walk on d-regular graphs
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Random walk on expander graph is rapidly mixing!



Reversibility

.| detailed balance equation:
ergodic

Gow | @@ PEy) = 7(y) Py, 2)

time-reversible Markov chain:
dn,V,z,y € Q, w(x)P(z,y) =n(y)P(y,x)

stationary distribution:

(mP)y =Y w(z)P(z,y) = > n(y)Ply,z) = 7(y)

time-revelipsible: when start from 7
PriXo=20 AN X1 =21 N...NX,, = x,]

=PriXg=2z, N X1 =21 N...NX,, = 20




I G(V.E) of max degree A

proper g-coloring

Markov Chain (Glauber dynamics):

at each step:
* randomly pick a vertex veV and a color ce[qg];

* change the color of v to c if it is proper;

detailed balance equation:

m(z)P(x,y) = 7(y)P(y, )

1

Ve #y, P(x,y) = P(y,z) = {8” 7 is uniform



Lazy Random Walk

undirected G(V.E)

% U = v
P(u,v) = Qd%u) U~ U

0 otherwise

detailed balance equation:
m(u)P(u,v) = m(v) P(v, u)
- d(u

m(u) Q—m)



Metropolis Algorithm

neighborhood structure: undirected G(2, F)

max degree A

Goal: uniform stationary distribution

h <
CNOOSE p_QA

D it x #y and xy € £

P(r,y) =<0 if v #y and xy € E

l—p-dx) ifx=y
detailed balance equation:
m(x)P(x,y) = 7(y)P(y, )



Spectral Theory for Reversible Chains

detailed balance equation:
m(x)P(x,y) = n(y) Py, x)

> S is symmetry

Ty XL =
H(:v,y)—{O ’ > S =TIPI!



Spectral Theory for Reversible Chains

detailed balance equation:
m(x)P(x,y) = n(y) Py, x)

Tz T =
[I(x,y) = { 7/ S = [IPII !

0 T FY
qP' = q(II71STI)! = qI1~ ' S*II

Ag(t) = [Ipe — mllrv = [[(ex — ) P*lx

= Jeq — I STy < N+

Ty

where \,.x = max{| X/, [An|}



M = (€2, P) stationary distribution:
pz(,f) . distribution at time 7 when initial state is x

Ay (t) = |Ip — 7llrv A(t) = max A, (1)

xe()

re(e) = min{t | Ap(f) <) 7(e) = max7 (e

Theorem

(€2, P) is reversible, with eigenvalues A1 > -+ > A,
Let >\maX = max{\)\2|, |)\n|}
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Conductance

reversible Markov chain 91 = (Q, P)

m(x)P(x,y) = 7(y)P(y, )

conductance;
. ZxES,yQS T‘-CEP(:E7 y)
® = min
SCQ 71'(5')
0<m(S)<3

graph expansion:
|0S| . HuweFE|ueSvgSH

¢(G) = min — min
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conductance:
ZwES,yQS ﬂ-CBP(xa y)

® = min

m(S)
0<m(S)<3
| J G(V.E W:M WP(UU):L
azy walk on G(V.,E) V= P(u. —
b — min H{uv e E|ue S,ve St

ngjgé)v)ﬁm Z’UES d(v)

graph expansion:
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Theorem (Cheeger’s inequality)

G is a d-regular graph with spectrum A1 > A2 > --- > A,
d— A
—> 22<¢ ) < \/2d(d — X2
Theorem (Jerrum-Sinclair 1988)
For reversible chain with eigenvalues A1 > Ay > -+ > A,

:> 1_)\2§<I>§\/2(1—)\2)
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Theorem (Jerrum-Sinclair 1988)

For reversible chain with eigenvalues A1 > Ay > --- > A,

= 1_;2 <P < /2(1 - \y)

1 1 1
= In In =
7(e) < max ~—== =€ Amax = max{|Az|, [An|}

Theorem: For lazy reversible Markov chain

In 7% 4+ 21n 2%
m(€) < ) w P2



Canonical Path

reversible Markov chain 91 = (Q, P)

canonical paths: T = {v,, | z,y € Q,z # 3}

Yzy : path from x to y in transition graph

congestion: p = max Z Moy
uvekl 7Tu
/ymyB’U/U
. P(,
conductance: ® = min 2 weS,ygs (2, y)
SCS2 W(S)

0<m(S)<4

' Theorem (Jerrum-Sinclair 1988)

. 1
For any canonical paths, & > P
0



I'={vay |,y € Q,z # y}

. ZazES,y%S 7T33P(x7y)
s Z Ty | | @= min =(5)
say:
1
o> —
20 ¢ =

total flow from Sto S :

") < w1 = Y e,

2 reS, Y¢S

< Z Z Mg Ty < p Z WuP(u,U)

UES,VES Yy DUV ueS,vE€S




)\max — max{\)\2|, |>\n|}

reversible chain:

conductance:

ers,ygs T P(2,y)

lln——l—ln— d — :

(o< = min
! (6) - 1 — )\max O<7T(S)§% W(S)
1_A2<c1><\/2(1 o) o>
2~ ° ~ 2p

canonical paths:

congestion:

1
P ek TuP(u, v) Z "eTy

lazy reversible chain:
In 7% + 21n 2%

Tz (€) < 52

lazy reversible chain:

1 1
Tx(€) < 4 (ln— +21n —> n*

Ty 2€




canonical paths: T = {v,y | z,y € Q,z # y}

. 1 Z
. = T T

uwvelE T,

lazy reversible chain:

1 1
T(€) < 4 <ln— + 21n—> p°

T 2€

for uniform stationary distribution: 7w(x) =

_ Yy 2 UV
iy N - P(u,v)

1
N

1

LY

usually Play) polylog(N)

Goal: \{%y > uv}| = O(N - polylog(V))



Sample Matchings

$2 5y GV
$4 3y Gy 6w
N o\ g~ o~ matchingg MCFE
( p9 ( po (ZCH? (ZO—O

| Q_ ./ -/

N Q_/ N

- Vei,eqg € M
(P9 Q ( ? no common vertex
b \_»»___,/"" \O_/, b L /"'

input: G(V.,E)

sampling: uniformly sample a matching in G
counting: count # of matchings in G #P-hard



random walk of

the Jerrum-Sinclair a_
AN
matchings a_/ e

Gy G

at each step: M

* with probability 1/2, do nothing;
* pick a uniform random edge e=uvekL;
e (1) if none of u, v is matched, add e to M,
()) if eeM, remove e from M,
(==) if one of u, v is matched by some e’<M,
replace e’ by e;




—e I —e —e

initial matching rlel opa, el el .. p,.i

7 — | —
Start vertex of (closed) path P; ~ :
. / \ °N L T
canonical 5 \ oo I I .l I I
path 5 - a
: / \ ‘| .
YIF :
= "N Lt Pt
v ;
final matching 3 VRN I SN N I
F NS NS NS

I @ F : disjoint cycles and paths (in lexicographic order)

YIF : fix each cycle and path by 1, |, <=

transition (M. M’) R F) [ (M,M’) € yir}| = N - poly(n)



at each step: M

* with probability 1/2, do nothing;

* pick a uniform random edge e=uvekL;

e (1) if none of u, v is matched, add e to M,
(|) if eeM, remove e from M,
(==) if one of u, v is matched by some e’<M,

replace e’ by e;

{(,F) | (M,M’) € vir}| = N - poly(n)

1 Z
= max T[T
P = Mar map P (M, M) e
vy (M,M")

= LEE) [OLAT) € 3p} ey

M, M’ 2mN

2€

T(€) < 4 <1nN + 21n i) p? Tmix = poly(n)




Countlng and Sampling

O\Ha J
j :jf o—o (ZO—O Co—o
Jm L Q :ﬁf

suppose there are N matchings in G

input: G(V.E)

counting:
count # of matchings in G

uniform random matchlng M say: F = {ei,eo,...,€m}

1
N_Pl”[ @ HPT€Z€M|€17°”761'—1€M]

- 1
N =
EPIGZ€M|61,...,€¢_1 gM]




uniform random matching M say: £ = {eq,€e9,...,€m}

1
N =
EPIGZ€M|61,...,€¢_1 gM]
Pr[eigM‘elw"aei—l Q/M]: Pr [eng]

MQG\{el ..... e,,;_l}

> accurately estimate
Prle; & M|

sample M almost uniformly

> well approximate N

FPRAS (Fully Poly-time Randomized Approximation Scheme) :

For any input G and g, algorithm returns A(G)
s.t. Pr{(1—¢)N <AG)<(1+¢N]>1-9
in time poly(n, ¢,log 5).



The End



