Randomized Algorithms



Chernoff Bound
independent X, X5,...,X,, € {0,1}

i=1
t > 0:
212
Pr[X > E[X] + t] < exp
n

Pr[X < E[X] — {] < exp ( 2t2>

- T



The method of bounded differences

Independent random variables: X=(X1, Xz,..., X»).
f(x1, x2,..., x) satisfies the Lipschitz condition:

|f(~x19 cees xn) _f(x19°°°9 Xi-1, Vis Xi+1, ...,xn) ‘ < Cj

for arbitrary possible values xi, ..., xx, y:.

t > 0:

P (X) > EUS(X0] + ) < exp (—n— |

Pl (X) < ELF(X)] — ] < exp (5o




Martingale

Definition:
A sequence of random variables Xy, Xi,... 1S
a martingale it for all 7 > 0,

What does this mean?



Azuma’s Inequality:
Let Xp, Xi,... be a martingale such that, for all k=1,

| Xk — Xk—11 = ¢,
Then (

Pri|X;,, — Xo| = t] < 2exp

2
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Generalization

Definition;
Yo, Y1,... 1s a martingale with respect to Xy, Xi,...
if, for all i =0,

e Y;isafunction of Xy, X,..., X;;

° E[Yi+l ‘XO)---}Xi] — Yl



Definition:
Yo, Y1,... Is a martingale with respectto Xy, Xi,...
if, for all i = 0,

e Y;isafunction of Xy, Xy,..., X;;

° E[Yi+l ‘XO)---)Xi] — Yl

® Betting on a fair game;
® X. :win/loss of the i-th bet;

® Y. :wealth after the i-th bet -- Martingale (fair game)



Azuma’s Inequality (general version):

Let Yy, Y7,... be a martingale with respect to Xy, Xj,...
such that, forall k=1,

| Yi— Yi_1l = ¢k,

Then
( £2 )

5 |-
\ ZZZ:I Ck}

Pr(lY,— Yyl =1t] <2exp




Doob Sequence

Definition (Doob sequence):

The Doob sequence of a function f with respect to
a sequence Xj,..., X, 1S

Yi :E[f(XI;;Xn) ‘ Xl)---)Xi]

YOZE[f(XI)---)Xn)] """ > Yn:f(le---;Xn)



Doob Sequence

fle, e 0@ .,0)

R/_/

averaged over
Elf| =1,



Doob Sequence

randomized by

[(©0.0 @ ¢ 0.0)
——

averaged over
E[f] — Yo, Y1,



Doob Sequence

randomized by
—

f(®’@9,'1/”(”(’)
H/_/

averaged over
E fl =Y, 1, Y,



Doob Sequence

randomized by

——

f(0,0,0,¢,@,@)
H,_/

averaged over
E[f] = Yo, Y1, Yo, Y3,



Doob Sequence

randomized by

— N
f(0,0,0,0,@,@)

averaged over
E[f] :YO, Y19 Y29 Y3, Y49



Doob Sequence

randomized by

N
[(0,0,0,0,©,@)

averaged over

E[f] — Yo, Y1, Yo, Y3, Y4, Ys,



Doob Sequence

randomized by

/—/A
f(0,0,0,0,0,0)

no information full information
E[f] =Y, Y1, Y2, V3, Ya, Y5, Y5 = |



ingale

Doob Mart




Doob sequence:
Yi — E[f(lean) ‘ Xl)---)Xi]

Doob sequence is a martingale:

E[}/:L ‘ X17 s 7Xi—1] — )/z'—l

Proof:
ElY; [ X1,..., Xi—1]

_BB[(X1 . Xo) | Xiveo X
—E[f(X1,.... X)) | X1,..., X1

=Y

. 7Xi—1]



O G(n, p)

/r rr
O & O‘ w O  Graph parameter:
& - ¢ @
@ @ @.. /@ f (G)
© ,f e ",, O example: chromatic #,
O components, diameter ...
numbering all vertex-pairs: 1,2,3,..., ()
1 edgejeG
Ij{o e Yi=BlG) [ Il

Yo = Ef(G)] ------- > Yy = J(G)



O G(n, p)

/' rr
O & 0. B (O  Graph parameter:
&) 3 ’ .,/
@ /" @ | @ &/' @ f ( G)
Q - a:/’ 7 O .
@ @ example: chrc?matlc H,
O components, diameter ...
numbering all vertices: 1,2,3,...,n

X; : subgraph of G induced by the first i vertices
Y; = E[f(G) | X1,...,X]]

Yo = E[f(G)] ------- > Y, = f(G)



Martingales induced by a random graph

® Fdge exposure martingale:
[; indicates the jth edge

Y, =E|f(G)]| L,...,1;]
® \ertex exposure martingale:
X; = G([1])
Y, = BIf(G) | Xu..... X]



Gmm)O

&) & .
g, @ chromatic number:
Cd / ’st .
C)@ = @;(D Y (G)

[ )

v s ¢ 1@
@ @ @... [ © the smallest number of

O N (Ocolors to properly color G
(: O f@’

X; : subgraph of G induced by the first i vertices
Doob martingale: Yy, Y1,...,Y,
Yo = E[x(G)] Y, = x(G)



chromatic number: Xx(G)

X; : subgraph of G induced by the first i vertices
Yi = Elx(G) | X1,..., Xi]
Doob martingale: Yy, Y7,...,Y,
Yo = E[x(G)] Y, = x(G)

Observation:
a vertex can always be given a new color.

Y — Y1 <1



Azuma’s Inequality (general version):

Let Yy, Y7,... be a martingale with respect to Xy, Xj,...

such that, forall k=1,
| Yi — Yi—1| = ¢,

Then
( £2 )

5 |-
\ ZZZ:I Ck}

Pr(|Y, — Yol =] =<2exp

Observation:
a vertex can always be given a new color.

Y — Y1 <1

Prlx(G) — E[x(G)]| > tv/n]
= Pr[|Y, — Y| > t/n] < 2e /2



Tight Concentration of
Chromatic Number

Theorem {Shamir & Spencer (1987)1:
Let G ~ G(n, p). Then

Pr(|x(G)-E[x(®)]| = tvn] <2e7" 2.



martingale Xo, X1, X2, ...

E[Xl| Xo, X1, ... , Xi-1|=Xi1 genel’ahzation

|

martingale Yo, Y1, Y2, ...

w.r.t. Xo, X1, X2, ...
Y= f(Xo, X1, ... , Xi)
| ElYil Xo, X1, ... , Xi1]=Yi1

edge-exposure martingale

vertex-exposure martingale

special cases special case
in random graphs N

Doob martingale
Y;= E[f(Xo0, X1, ... , Xi)| X0, X1, ... , Xi-1]




The Power of Doob + Azuma

® For a function of (dependent) random
variables: [(Xi,..., X},)

® Doob martingale:
Yi :E[f(XI;»Xn) | Xl)---)Xi]

YO:E[f(XI)---)Xn)] Yn:f(le---;Xn)

® |[f the differences |Y; — Y;_,| are bounded,

® Azuma

— > |Y, - Yyl is small whp.

f(Xy,...,X;) is tightly
concentrated to its mean



The method of bounded differences:

Let X = (Xi,...,X;) and let f be atunction of Xy, X3,..., Xj,
satistying that, forall 1 <i < n,

|E[f(X)|Xl)er] _E[f(X) |X1)---;Xi—l]| = (i,

Then
( 2 )

\zzzlz}

Pr||f(X)-E[f(X)]|=t] <2exp




The method of bounded differences:

Let X = (Xy,...,X;) and let f be atunction of Xy, X3, ...

satistying that, forall 1 <i < n,

E[f(X) | X1,..., X —E[f(X) [ Xq,..., Xi1l| = ¢,

Y; Yi_
Then l -l
(AzumaI) ( 2 )
r %) - ERFEXI | = 1] < 2exp -
Y, Yo \ 221 16

Doob martingale: Y; =E[f(X) ]| X;,..., X]]




The method of bounded differences:

Let X = (Xj,...,X;) and let f be atunction of Xy, X3, ...
satistying that, forall 1 <i < n,

ETX| Xl,

X1 -ELf 01 X1, Xl £6

Then hard to check

Pr||f(X)-E[f(X)]|=t] <2exp




g o
= p ar

Lipschitz Condition:

f(x1,...,x;,) satisfies the Lipschitz condition with
constants ¢;, 1 <i <n,if

f(xl»---;xi—l;xi;xi+1;---;xn)

_f(xl,---;xi—l;,)/i;le;---;xn) = (j.



Average-case:
E[f(X) | Xy,..., Xi] —E[f(X) | X1,..., Xi—1ll = ¢,

Worst-case:

Lipschitz Condition:

f(x1,...,x,) satisfies the Lipschitz condition with
constants ¢;, 1 <i<n,if

f(xlr---)xi—lyxi)xi+1)---;xn)

_f(xly---,xi—l,J/i»le»---;xn) = Cj.




The method of bounded differences:

Let X = (Xi,..., X,) be nfindependengrandom vari:
ables and let f be a function satisfying the Llpschltz
condition with constants ¢;, 1 <i < n. Then

(2 )
\22111

Pr(|f(X)—E[f(X)]|=t|<2exp




The method of bounded differences:

Let X = (X;,...,X;) be n independent random vari-
ables and let f be a function satistying the Lipschitz
condition with constants ¢;, 1 <i < n. Then

(2 )
\22111

Pr(|f(X)—E[f(X)]|=t|<2exp

Proof:

Lipschitz condition
+ bounded averaged

independence differences




Occupancy Problem

® m-balls-into-n-bins: ~ |1 biniisempty
l 0 otherwise

® number of empty
bins!?

# empty bins: X =) X;
i=1

EX] =Y EIX;] = n(l — l)
i=1 n

Xi are
deviation:  Pr[|X —E[X]| = 1] <? dependent



Occupancy Problem

® m-balls-into-n-bins: # empty bins: X
® number of empty deviation:
bins? Pr[| X —E[X]| = 1] <?

Y;: the bin of ball j (Independent!)

X:f(Yl,---,Ym) :|[n]—{YI,---»Ym}|
Lipschitz:

changing any Y; can change X for at most 1

> PrIX-E[X]|= ry/m] <2e "




Metric Embedding

(Y, dy)

low-distortion: For a small o > 1

1

Ve, 0 € X, adX(ajlny) <dy(¢(x1),d(x2)) < adx(x1,x2)



Dimension Reduction

In Euclidian space, it is always possible to embed a
set of n points in arbitrary dimension to

O(log n) dimension with constant distortion.

Johnson-Lindenstrauss Theorem:

For any 0 < € < 1, for any set V of n points in R?,
there is a map ¢ : RY — R* with & = O(Inn),
such that Vu,v € V.,

(1= e)llu—v[* < llg(u) — ¢@)[* < (1 +€)[u—v|



Johnson-Lindenstrauss Theorem

Johnson-Lindenstrauss Theorem:

For any 0 < € < 1, for any set V of n points in R?,
there is a map ¢ : R? — R* with & = O(Inn),
such that Vu,v € V,

(1= e)llu—vl* < llo(u) — d(v)[I* < (1+€)llu— |

® ¢(v) =

® A is a random projection matrix.



Random Projection

Random kxd matrix A:

0 Pro]ectlon onto a unlform

‘ random subspace
“(Johnson-Lindenstrauss)
(Dasgupta-Gupta)

® j.i.d. Gaussian entries.
(Indyk-Motiwani) rows: Ai. Ag. ... A
® j.id.-1/+1 entries.

random orthogonal
(Achlioptas)

unit vectors ¢ R¢



Johnson-Lindenstrauss Theorem

® Let V be a set of n points in R%.
® For some k = O(Inn).

® Let A be a random k X d matrix that projects
onto a uniform random k-dimensional subspace.

W.h.p., Yu,v € V, (for the case €=1/2)

=l _ffa) [d, | _ 8lu—vl
2 TNk k -2

Thejec’ri on




A: projection onto a uniform

random k-subspace W.h.p., Vu,v €V,

2 2
d d 3w — v VE Vﬁ lu — v]|2
_ I < — —— >
\/;A“ \/;A” =7 e

Step I:
Reduce to unit vectors




A: projection onto a uniform

random k-subspace

4.

2
d d 3||u — v||?
Cau— /240 <
\/;Au \/; =T
PN

U —v) 2< 3k

treat (u — v) as a vector, ”

New goal:

u—vol||| ~ 2d

O(n?

) pairs

W.h.p., Yu,v € V,

%Au — %Av
PN
Lm0
|u — |
u—7v

u—uv||

_lu—olp?

o 2

L
2d

|V

1S a unit vector

YV unit vector wu,

3k

Aull* > =
Aul? > 2

or ||Aul]® <

Ll
2d

with probability o(-) |



A: projection onto a uniform random k-subspace

V unit vector u, with probability o(-3)

3k k
2 o oW 2 N
[Aull® > o or [l Aul]” < o

Step 11:

Random projection of fixed unit vector

0

Fixed projection of random unit vector



A: projection onto a uniform random k-subspace

V unit vector u,

3k
2d

| Aul|* >

probabilistically

random
subspace

fixed
unit vector

with probability o(-5)
k

Aull? <
or |Aul ¥

random
unit vector

equivalent

&

fixed
subspace

“inner-products are invariant under rotations”



A: projection onto a uniform random k-subspace

V unit vector w,

3k

Aull* > —
Aul? > 2

uniform random unit vector:

Y = (§/i7 x °7-)<k7.)1§%—17 a

Z=(Y1,...,Y})

with probability o(-5)
k

2d

or |[|Au|” <

°7.)Ci)

random
unit vector

fixed
subspace



uniform random unit vector:
Y =(Yi,...,Ye,Vitts. .., Ys)

Let Z = (Yy,...,Ys) with probability o(-5)

3k k
2 < Z 2 Y
1z > 2 oz < L

Looks clean, however . . .

o |Z|P =Y +Ys+ -+ Y,

® Y.’s are dependent for uniform unit vector Y.



uniform random unit vector:
Y =(Y1,...,Ye, Yist,...,Ys)
Let Z = (Y1,...,Ys) with probability o(-5)

3k k
2 < Z 2 Y
1z > 2 oz < L

Step 111:
Bound ||Z]*




uniform random unit vector:

Let Z = (Y1,....Y,
Y:(Y17'°'7Yk7Yk—|—17---7Yd) ( L k)

Generating uniform unit vector:

X1,...,X4 are i.i.d. normal distributions N (0, 1).
X =(X,...,Xy), Y=—X

Y is a uniform random unit vector.

The denS|ty .
Pr{(zq,... H 5

1=1

=12 = (9)~4/2¢~lIel/2

T

Spherically symmetric!



X1,...,X4 are i.i.d. normal distributions N (0, 1).

X = (X1,....Xy), :;(Xl,...,Xk)
1 X
P 2_X12 -+ X
21" = o
1 d
]C k d
1Z||? < — <:> (k—2d)» X7 +k » X?>0
Qd 1=1 1=k—+1
3k -
1Z||? > ¥ > Bk—24)) X7 +3k ) X7 <0
=1 1=k+1

Sum of independent random variables! Chernoff?



X1,...,X4 are i.i.d. normal distributions NV (0, 1).

Upper bound: Pr | (k—2d) ZXQHC Z X2 >0

_ 1=k-+1
' ( k d ‘ ‘
(for A > 0) =Pr exp{A((k—Zd)ZXi2+k Y Xl?) b > 1
t \ =1 i=k+1 )
’ ’ k d ]
(Markov) <E exp<A((lc—2d)ZXi2+k Y Xlz)>
. \ =1 i=k+1 )
. Ak—2d) X? d Ak X?
(independence) =HE[e =2 i]° |1 E[e i
=1 i=k+1




;ributions N(0,1).

g kLT
Ji—:, cs’l. e 2 dx \‘ . )
3 +k Y X?>0
. \YJ?: §e-(“’2‘)"2/z . i=k+1 i
d )
et y= -
' J ﬁ"z':x X:+k Y Xiz)>>1
TP, T un -9 = ‘ i i=k+1 J
V28 mge 5 4 Vizs )
\/\/_____/ \
€ = ‘+k Y Xlz)>
 mmee— L =kl )
. Ak—2d) X2 -
(independence) = ]_[Ele oA ] E[eMXl
=1 i=k+1
E [BSX'LZ} = !
V1 —2s

= (1 —2X\k—2d))"2(1 —2)\k)" "=



X1,...,X4 are i.i.d. normal distributions N (0, 1).

Pr | (k- 2d) ZX2+k Z X2>0

1=k-+1

< (1=2\(k—2d)) 2 (1 — 2)\k)_% < ¢ k/16

1

minimized when A = 5—

i ] i
Pr|(3k—2d)) X7 +3k » X?<0 < o~ k/24

i—=1 1=k+41
Z:HTlH(Xl""’Xk) for some k£ = O(Inn)
3k ko 1
2 7 2 — o
Pr\[|Z]* > 55 VIZI° < 35| = o(75)




for some k= O(Inn)

7. fixed k-subspace of random unit vector.

1
Pr ||| Z]|? distorted from k/d| = o(—)
n

Au: random k-subspace of fixed unit vector.

1
Pr [HAuHZ distorted from k/d| = O(E)
Yu, v
Pr “WA(U — v) ’ distorted from HU _ UHQ _ 0(%)

O(n?) pairs of (u,v). Union bound = Johnson-
Lindenstrauss



Johnson-Lindenstrauss Theorem

Johnson-Lindenstrauss Theorem:

For any 0 < € < 1, for any set V of n points in R?,
there is a map ¢ : R? — R* with & = O(Inn),
such that Vu,v € V,

(1= e)llu—vl* < llo(u) — d(v)[I* < (1+€)llu— |

® ¢(v) =

® A is a random projection matrix.



Random Projection

Random kxd matrix A:

0 Pro]ectlon onto a unlform

‘ random subspace
“(Johnson-Lindenstrauss)
(Dasgupta-Gupta)

® j.i.d. Gaussian entries.
(Indyk-Motiwani) rows: Ai. Ag. ... A
® j.id.-1/+1 entries.

random orthogonal
(Achlioptas)

unit vectors ¢ R¢



