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Randomized Algorithms

“algorithms which use randomness in computation”

Turing
Machine /. random
j coin
Why?
Simpler.
Faster.

Can do impossibles.

Can give us clever deterministic algorithms.
Random input.

Deterministic problem with random nature.



Checking Matrix Multiplication

three nxn matrices A, B, C:

!
A X — C

best matrix multiplication algorithm: O(n?3")



Checking Matrix Multiplication

three nxn matrices A, B, C:
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Checking Matrix Multiplication

three nxn matrices A, B, C;

)
A X —

/\
Nt

UL

best matrix multiplication algorithm: O(n?3%)

Freivald's Algorithm

pick a uniform random r €{0,1}7;
check whether A(Br) = Cr ;

time: O(n?) if AB = C, always correct



Freivald’s Algorithm

check whether A(Br) = Cr ;

pick a uniform random r €{0,1}7;

if AB = C, always correct

if AB # C, let D:AB—C#Oan

say D;; # 0

on—1 1

PrlABr =Cr| =Pr|lDr=0] < — = -

2™ 2




Freivald’s Algorithm

pick a uniform random r €{0,1}7;
check whether A(Br) = Cr ;

if AB = C, always correct

Theorem (I'reivald, 1979)
If AB # C, for a uniformly random r € {0, 1}",

Pr|ABr = Cr| < 5

repeat independently for 100 times

time: O(n?) if AB # C, error probability < 27199



Monte Carlo vs Las Vegas

Two types of randomized algorithmes:

Mon’te Carlo ‘ZM Weyaa

running time is fixed always correct
correctness is random running time is random



Polynomial ldentity lesting
(PIT)

Input: two polynomials f,g € F|z| of degree d
Output: [ =g"

d

f € Flx] of degree d: f(x) = Zaia?i for a; € F¥
i=0

Input: apolynomial f ¢ F[z] of degree d
Output: =7

fis given as black-box




Input: apolynomial f ¢ F[z] of degree d
Output: =7

simple deterministic algorithm:

check whether f(x)=0 for all = €{1,2,...,d

Fundamental Theorem of Algebra:

A degree d polynomial has at most d roots.

Randomized Algorithm

pick a uniform random r €5; SCF
check whether j(r) =0




Randomized Algorithm
pick a uniform random r €S; SCIF
check whether f(r) =0, S| = 2d
if f#0
d 1
Pr(f(r) = 0] Sﬁ =35

Fundamental Theorem of Algebra:

A degree d polynomial has at most d roots.



Checking Identity
L

database 1

Are they

identical?
% T
wdatabase 2



Communication Complexity

(Yao 1979)
f(a,b)
) # of bits
communicated .
£ > \ J b
a W€J o
Han Meimei Li Lei

EQ:{0,1}" x {0,1}" — {0,1}

Theorem (Yao, 1979)

There is no deterministic communication protocol
solving EQ with less than n bits in the worst-case.



Communication Complexity

n—1 n—1

. — 9 .
fzzaixz J(r)=g(r) g:szx,z
i=0 t i=0

] . o(7) -
a c{0,1}" < oo &au b €{0,1}
Han Meimei Li Lei

pick uniform
random r €[2n]

by PIT:

one-sided error <

1
2

# of bit communicated:  too large!



Communication Complexity

n—1 n—1

FoS at OO =S b

1=0 T 1=0

o r,g(r) "
a E{O, 1}77, < ° &aa b E{O, ]_}

O(log n) bits
Han Meimei Li Lei

pick uniform

random r €[p]
k = [logy(2n)]

choose a prime p € [2%, 2] let f,g € Z,[x]



Polynomial ldentity lesting
(PIT)

Input: [, 9 €Flz1,22,...,2,] of degree d
Output: [ =g"

F|lx1,z2,...,Zy] : ring of n-variate polynomials over field F

feFxy,xo,...,2,]:

_ E 11 .12 in
f(ajlaajZ?"'?ajn) — Ay ,ig,..., inl1 Lo Ay
i17i27°°°7in20

degree of f: maximum %1 + @2 + - - + ip With @iy iy, i, 7 0




Input: [, 9 €Flz1,22,...,2,] of degree d

Output: [ =g7

equivalently:

Input: fcFlz;,22,...,2,] of degree d

Output: =7

flxy,29,...,2,) = Z




Input: [, 9 €Flz1,22,...,2,] of degree d
Output: [ =g"

equivalently:

Input: fcFlz;,22,...,2,] of degree d

Output: =7

fis given as block-box: given any T = (21, %2,...,%y)
returns f(T)

or as product from: e.g. Vandermonde determinant

1 oz 22 ... 2]
2 n—1
we | TR f@) = det(M) = ] [ - )
I x, x,,z,b ZEZ._l J <t




PIT: Polynomial |dentity lesting

Input: [ < Flzy,29,...,2,] of degree d
Output: =7

fis given as block-box or product from

if 3 a poly-time deterministic algorithm for PIT:

either: NEXP # P/poly
> or: #P # FP




Input: [ < Flzy,29,...,2,] of degree d
Output: =7

fix an arbitrary S C F

pick random ry, ro, ..., rn €S
uniformly and independently at random;

check whether f(ri, r2, ..., 7)) =0 ;

fEO ::> f(T17T27°°°7rn):O



Input: apolynomial f ¢ F[z] of degree d
Output: =7

fix an arbitrary S C F

pick a uniform random r €85;
check whether f(r) =0 ;

f=0 > f(r)=0

Fundamental Theorem of Algebra:

A degree d polynomial has at most d roots.

f#0 &> Prif(r) = 0] < o




Input: [ < Flzy,29,...,2,] of degree d

Output: =7

fix an arbitrary S C F

pick random ry, ro, ..., rn €S

check whether f(ri, r2, ..., 7)) =0 ;

uniformly and independently at random;

fEO ::> f(T17T27°°°7rn):O

| Schwartz-Zippel Theorem
f % 0 ::> Pr[f(ThTZv"')Tn) — O]




Schwartz-Zippel Theorem
f#0 ::> Pr|f(ri,ro,...,mn) = 0] < 9]

_ 11 .19 7
f(il?l,mg,...,.ibn) — E : iy ig,...;in L] Lo = Ty

i1 400y yip >0
i1+ig+-+in <d

f can be treated as a single-variate polynomial of x;:
flx1,29,...,2,) = Zx%fi(xl,xg, ey T 1)
i=0
— Y9x1,25,.... 201 (ajn)

Pr|f(ri,72,...,7n) =0 =Prlgr, ro....r. (1) = 0]

g’l“l ro,....T"n—1 % O? done?



Schwartz-Zippel Theorem

f#0

:|'> Pr(f(ri,7m2,...,7n)

induction on n :

basis:

n=1

d
0] < —
5]

single-variate case, proved by

the fundamental Theorem of algebra

l.H.: Schwartz-Zippel Thm is true for all smaller n



Schwartz-Zippel Theorem
d
f#0 ::> Pr|f(ri,ro,...,mn) = 0] < 9]

induction step:

k: highest power of x, in f = > {fk # 0

degree of . < d—k

k
f(ajlava s 73777/) — Zx%fi(wlax27 e 75671—1)
1=0

:flflfk(ﬂh,il?z,---,ﬂ?n—l) +f(3717513‘27---,£13n)
k—1
where f(z1,22,...,2,) = folfi(xl,xg, ey T 1)
i=0

highest power of x,in f < k



Schwartz-Zippel Theorem
f#0 ::> Prlf(ri,ro,...,1mn) =0 < —

f(x1,T2,...,0n) =2 fr(x1, 22, ..., Zn_1) + f(z1,22,...,2,)

{fk?—() .

hichest power of x, in
degree of fr. < d—k S P . f <k

law of total probability:

d—Fk

Pr[f(r1, 72, . 7)) =0 LH. => 00 <5

:Pr[f(F) =0 | fk(Tl,...,’l“n_l) — O] °PI’[fk(7“1,...,Tn_1) — O]
—I—Pl'[f(’l?) =0 | fk(’l“l, .« . 774n—1) 7& O] y Pl‘[fk(’l“l, - . ,Tn_l) ?é O]

_ Pr[g'rl ..... ’I“n_l(,rn) — O ‘ fk(?a]_, .« o ,Tn—l) # O] < E

Where 9z1,..., Ty 1 (ajn) — f(ﬂ?l, SR 73771)




| Schwartz-Zippel Theorem
f % 0 ::> Pr[f(,rb’rQ)" -»Tn) —

Pr[f(rlaera"'afrn):O] < |



Input: [ < Flzy,29,...,2,] of degree d

Output: =7

fix an arbitrary S C F

pick random ry, ro, ..., rn €S

check whether f(ri, r2, ..., 7)) =0 ;

uniformly and independently at random;

fEO ::> f(T17T27°°°7rn):O

| Schwartz-Zippel Theorem
f % 0 ::> Pr[f(ThTZv"')Tn) — O]




THUS, FOR ANY NONDETERMINISTIC TURING
MACHINE M THAT RUNS IN SOME POLYNOMIAL
TIME p(n), WE CAN DEVISE AN ALGORITHM

THAT TAKES AN INPUT w OF LENGTH n AND
PRODUCES Ep .. THE RUNNING TIME 1S O(P¥n)

ON A MULTITAPE DETERMINISTIC TURING
MACHINE AND ...

WTF, MAN, I JUST
WANTED TO LEARN
HOW TO PROGRAM
VIDEO GAMES,




