Randomized Algorithms



MAX-SAT

Instance: a set of clauses
Boolean variables:

X1,X2,...,Xn C1=(X1V_I.XI2V_|X3)

Co =(7x1VX3)
literal: X;, 1X;
C3 = (X1 V X2V X4)

clause: OR of literals Cy = (X4 V 1X3)

MAX-SAT Cs5 = (x4 V1X7)

® NP-hard Solution: a truth assignment
maximizing # of satisfied clauses



Approximation Algorithms

maximization problems

Fix a problem instance (input) I:
® optimal solution: OPT(l)

® solution returned by Alg: S(I)

VI, S(I)>a-OPT()

a-approximation algorithm



Approximation Algorithms

a-approximation algorithm

maximization problems

vI, S(I)>a-OPT(I) 0<a<l

minimization problems

VI, S(I) < a-OPT(I) a>1



Randomized Approximation

Instance: a set of m clauses

Solution: a truth assignment
maximizing # of satisfied clauses

assign each variable with true or false
uniformly and independently at random

aclause C=(f1VvloVv---v¥l) Cjeix;,x}

1
Pr{C is satisfied] =1 _o7k > 5

linearity of expectation
E[ # satisfied clauses | = >



Randomized Approximation

Instance: a set of m clauses

Solution: a truth assignment
maximizing # of satisfied clauses

assign each variable with true or false
uniformly and independently at random

1
E[ # satisfied clauses | > m > —0OPT

2 2
OPT <m



Integer Programming

boolean variables: Xi1,X»2,..., Xy
1 if x; =true
Vi~ {O if x; = false
truth assignment <:::> y€1{0,1}"
aclause C= (1 vlyv---vly) Cjel{x;,xil
C*: setofithatx;isinC
C : setofithat —x;isin C

C is satisfied <> Z Yi T Z(l—yi)zl

1eC™T 1eC—



Integer Programming

boolean variables: Xxi,Xx2,...,X5
clauses: C7,CH,...,C

m

maximize E 2

A
.
A
S

71=1
subject to Z Y; + Z (1 —y;) >z, V1

.t
ZEC’j

VAN VA
A I

.

integral solution



Linear Programming

boolean variables: Xxi,Xx2,...,X5
clauses: C7,CH,...,C

m

maximize E 2

71=1
subject to Z Y; + Z (1 —y;) >z, V1

<j7<m
1eC; ieC;

L P-relaxation



Rounding LP Relaxation

® represent the problem as an IP;
® relax the IP to an LP;
® solve the LP fractionally in poly-time;

® round the fractional optimal solution to an
integer feasible solution.

Randomized rounding!



LP Relaxation

m

maximaize g 2

1=1
subject to Z Y; + Z (1 —vy;) >z, V1

<jJ<m

ieC; ieC;
0<y; <1, VI <i<n
0<z2; <1, V<7 <m

X

y:,2; : optimal fractional solution € [0,1]

OPT < Em: zj
j=1



max sz .t Z Yi + Z (1 —vi) > z
j=1

ZEC’j ’LECj
*

y; ,%; + optimal fractional solution € [0,1]

randomized rounding: independently

true  with probability v
T; =
Z false with probability 1 — .

Cj=z1Vaa V-V is satisfied with prob:
k

1=l —y)

1=1



mnm
max E Zy S.t.:
j=1

in general

OPT < izj
j=1

> (1—1/e)-OPT



LP relaxation

m

maximize E 2

subject to Z yi + Z(l—yi)z,zj, Vi<ji<m

i€Cf i€Cy
0<z; <1, Vi<ji<m

true  with pro
XT; =
Z false with pro

Hal

Hal

D1l

D1l

E[ # satistied clauses | > (1 —1/e)

optimal
fractional solution:

>k >k
yi y ZJ
m
<) %
~ <
j=1

ity y; -
ity 1 — vy

Zz

J=1

>(1—1/e)-OPT



Put two algorithms together

® uniform & independent assignment:

® |/2-approximation

® k-clause (' :satisfied with prob 1 — 27"
> (1 — 2_]“)2;?

® | P relaxation + randomized rounding:
® (I-1/e)-approximation

® k-clause (; :satisfied with prob

OPT < sz
j=1
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run coin-flipping algorithm, satisfy m clauses

run LP-relaxation algorithm, satisfy m clauses

E[max{mi,ms}] > E

S . set of k-clauses

m1=§n: > 1-27%) >

k=1 Cj ESL

ma > Y (1—(1—=1/k)")z

k=1 Cj €Sy

m1—|—m2

2

OPT < »
j=1
(1 —2"M)z
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run coin-flipping algorithm, satisfy m clauses

run LP-relaxation algorithm, satisfy m clauses

E[max{mi,ms}] > E

S . set of k-clauses

DI IELS

k=1 Cj ESL

m1—|—m2

2

SIPINEE
k=1 C,; €Sk

ma > Y (1—(1—=1/k)")z

k=1 Cj €Sy
m1 -|- mz

rs)

>l<



