Randomized Algorithms



Definition:

Events &1,&s,...,&, are mutually independent
if for any subset I C {1,2,...,n},

Pr[Aies €] = [Lie; Prl€il.

Definition:

Random wvariables Xi, Xo,...,X,, are mutually
independent if for any subset I C [n| and any
values x;, where 1 € I,

Pr (N, (Xi = 2)| =i, PrlXi = z4].



k-wise Independence

Definition:

Events &1,&s,...,&, are k-wise independent if
for any subset I C {1,2,...,n}, with [I| <k
Pr [/\z‘el 57;} = | L;c; Pri&il.

Definition:

Random variables X1, Xo,...,X,, are k-wise in-
dependent if for any subset I C [n] and any val-
ues x;, where ¢ € I, with |I| <k

Pr [/\ZEI(XZ — Zli‘z)} — HiEI PF[XZ — ZI?Z]

pairwise: 2-wise



2-wise Independent Bits

uniform & independent bits:

(random source)

X1,X9,...,X,, € {0,1}

Goal: 2-wise independent uniform bits:

Yl,YQ,...,YnG{O,l} n =>>m
a | b |a@b| nonempty subsets:
00| O 0+ S1,59,...,8m_1 C{1,2,...,m}
0] 1 1 ,
10| 1 Y; = 6P X
| 0 1ES;



uniform & independent bits: X1, X»,..., X, € {0,1}
nonempty subsets: S, S,,...,8m_1 C {1,2,...,m}

ryj:@xi

iESj

2-wise independent uniform bits:
Yi,Yo, ..., Yom_q € {O, 1}

logo 7 total random bits

:> n-1 pairwise independent bits



Max-Cut

® partition V into two parts:
Sand T

® maximize the cut IC(S,T)

® NP-hard

® (.8/8~-approximation in
poly-time by SDP

® easy 0.5-approximation

C(S,T) ={w e E|ueSand v eT}



Random Cut

for each vertex v eV

uniform & independent Y, € {0,1}

Y, =1 ::> veSs
Yv =0 ::> veTl
for each edge uv € E
Vo=t 7Y o) = 3 v,
0 Y, =Y, e
E| _ OPT
BIO(S.T)) = Y PrlY, £Y,) =0 > 2

uve



Random Cut

for each vertex v eV

uniform & 2-wise independent Y, € {0,1}

Y, =1 ::> veS
Yv =0 ::> vel
for each edge uv € E
Vo=t 7Y o) = 3 v,
0 Y, =Y, L
E| _ OPT
BIO(S.T)) = Y PrlY, £Y,) =0 > 2

uve



Derandomization

for each vertex v eV

uniform & 2-wise independent Y, € {0,1}

Y, =1 ::> veS
Yv:O ::> veT
for each edge uv € E
E| _ OPT
E[|C(S,T)|] ZPIY%Y]:TE ;

wEE
V =Avi,v2,...,0,}
Yo, Yoo, ..., Y, constructed from [log,(n + 1)] bits
try all 2/1°s2(n+D1 — O(n?) possibilities!



2-wise Independent Variables

random source: uniform and independent
X07X1 < [p]

Goal: uniform and 2-wise independent

YQ,Yl,...,Yp_l < [p] primep

for i€ [p] Y; = (Xo+1i-X1) modp

uniformity: Vi,a € |p] Pr[Y; = a] = 1
p
2-wise independence:  V; £ j a,b € [p]

1
Pr|Y; =aAY, =D

p2



uniform and independent X, X; € [p]

for i€ [p| Y; = (Xo+i-Xq1) modp

uniformity: Vi, a € [p]

= Pr[(Xo+i-X;) mod p = q]

— ZPr | - Pr|(Xo+ij) mod p = q

:—ZPI 0 = (a—1j) (mod p)]

1
p



uniform and independent X, X; € [p]

for i€ [p| Y; = (Xo+i-Xq1) modp

2-wise independence: Vi # j,a,b € [p]
Pr|Y; =aAY,; =D
= Pr|(Xo+¢X1) modp=aA (Xy+ jX1) mod p =10

(Xo+7X1) =0 (mod p)
has unique solution X, =y, X; = 24
1

:Pr[onxO/\Xlle] :—2
p

{(XO +iX1) =a (mod p)



Perfect Hashing

S=1{a b, c d e f} C[N]

Pr[perfect] > 1/2

if
random | 11] [N] = [m]
Table T: (e | | |d| | /] |cla

m = 0(n?)
birthday!

UHA: Uniform Hash Assumption

search(x):

retrieve h;

check whether T'|h(x)] = x;




Universal Hash Family
(Carter-Wegman [977)

universe [NV} range |m]

hash family H VheH  h:[N]— [m]

H is 2-universal if for uniform random h € H
Vv distinct T1,To € [N]

Prlh(xz1) = h(x2)] <

1
m

“locally” like a uniform random hash function!



Universal Hash Family
(Carter-Wegman [977)

universe [NV} range |m]

hash family H VheH  h:[N]— [m]

H is k-universal if for uniform random h € H
Vv distinct x1,29,..., 2k € [IV]
Prih(z1) = h(z2) = - -+ = h(zk)] <

mk—1

“locally” like a uniform random hash function!



2-Universal

primep  for a,b € [p] define hayp: [p] = [P

haov(z) = (a-x+b) modp

hash family # = {h,; | a,b € [p]}

H is 2-universal

T1 7 T2 random a,b € [p]

hav(x1) and hgu(z2) are 2-wise independent



2-Universal

universe [NV] range [m] prime p > NV
for a,b e |p|] define hyp: |[N| = [m]

hov(x) = ((a-x+b) mod p) mod m

hash family # = {h,, |1 <a<p—1,b€ [p]}

H is 2-universal



2-Universal

universe [NV] range [m] prime p > NV
for a,b e |p|] define hyp: |[N| = [m]

hov(x) = ((a-x+b) mod p) mod m

hash family # = {h,, |1 <a<p—1,b€ [p]}

H is 2-universal

T # To random 1<a<p-—1,b¢€ [p]

Pr[ha,b(ﬂf ) — ha,b($2)] _ {(a,0) | hap(z1) = hap(22)}
1 p(iH 1)



for a,be[p] define hap : [N] — [m]

hav(x) = ((a -2+ b) mod p) mod m

r1 F To random 1<a<p-—1,b¢€ [p]
Prlhy (1) = oy ()] — {(@,) | has(w1) = has(@2)}] 1
p(p—1) m

observation: (a - x1 +b) mod p # (a - x2 + b) mod p

>{(a-xlb)modp:u w v

(a-xo+b) mod p =

each (u,v) corresponds to exact one (a,b)

1@, b) | hap(z1) = hap(r2)}
{(u,0) [u#v,u=v (modm)} <p(p—1)/m




universe [V] range [m] prime p > N
for a,b e [p] define hqp: [N|] — [m]

hav(z) = ((a -+ b) mod p) mod m

hash family % = {h,, |1 <a<p—1,b€ [p}

H is 2-universal

> Vv distinct x1,Z2,...,%, € [N

uniform random h &€ H

Vi#j  Prlh(z;) = h(z;)] <

1
m



Collision Number

H is 2-universal

uniform random h € H

VdiStinCt L1y L2y...yLn c [N]
1
Vi#j  Pr[h(z;) = h(z;)] < o
S, 1 h(z;) =h(z;) collision
\V/ X’L] — J
P # ] {0 h(x;) # h(z;)

2

isi © X — E : g _ <
collision no.: X = | .ng E[X] = ;E[Xw] <5
bi . ‘=7 1 2m 1 —



Perfect Hashing

S={x1,z2,...,2,} C[N]

2-universal |h | [N] — [m] Priperfect] > 1/2
Table T: m = 0@)
e birthday!

h is from 2-universal %

search(x): retrieve h;
check whether T'|h(x)] = x;




FKS Perfect Hashing

(Fredman, Komlos, Szemeredi, | 984)

Goal: O(n) space, O(1) worst-case search time

m=30, p=31, n=6, S$=1{2,4,5, 15,18, 30

0123 4 5 6
5T 17T T10]16]22
k
8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24
t1 1114 211|542 213 18 30 1 {1115
| Wa| k’ Wil k’ Ws| k' | Ws| k'

T meee—— ——



FKS Perfect Hashing

h from a 2-universal H

buckets: -



FKS Perfect Hashing

Wyl |oeeee 778 B B leeees
R/_/ H,_/
perfect hashing perfect hashing

for B; for B,



FKS Perfect Hashing

search(x):
h [N ] — [n] retrieve h;
goto bucket h(x);

By Bpeeeceeens B perfect hashing
o | [ Q within bucket;
Wyl foee-- /778 IR 77
R/_/ H,—/
perfect hashing perfect hashing

for By for B,



FKS Perfect Hashing

for a set S of n items:

h
B Bye oo By * search time: O(1)
? % * space !
hl |¢ o o hZ* e o o o hn o o
H/_/ R,_/
perfect hashing perfect hashing
for By for B,

Goal: ) |B;i|°=0(n)
i1=1



FKS Perfect Hashing

n itmes for a set S of n items:
h .
uniform random h € H

14}
Y |Bil° =0
i=1

Collision #: f: Bily li\BMBW — 1)

0111510 : - 2 9 - ) )

(Eine-Fom) =By



FKS Perfect Hashing

n itmes for a set S of n items:

uniform random h € H

Y |Bil” = O(n)
=1

Z 1B;|* = n+2- (collision #) || Elcollision #] < g
i=1

n

< 4n with
E B;|*| <2n Markov! = ]
_; prob > 3.




FKS Perfect Hashing

(Fredman, Komlos, Szemeredi, | 984)

Goal: O(n) space, O(1) worst-case search time

h
Bi Bypoooooos B,
hl e 6 o o hz{ [ ] }
H/_/ A/_/
perfect hashing perfect hashing

for By for B,



