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Counting Independent Set

hardcore model: undirected graph G(V,E) fugacity A > 0

‘A Tis an independent set in G

VICTV: w() =

\ 0 otherwise

partition function: Z=Zg()\) =) w(I)
ICV

(A —1)271 e

I

(A—2)2 T A-2

uniqueness threshold:  A.(A) =

Computing Zs(A) in graphs with constant max-degree <A
® A <A(A) = FPTAS [Weitz 06] <= strong spatial mixing

® A > A:(A) = no FPRAS unless NP=RP
[Galanis Stefankovi¢ Vigoda 12] [Sly Sun 12]



Spin System

undirected graph G = (V, E) finite integer g = 2

configuration o € [q]"

weight: w(o)= || A(ou,00) [] b(00)

{u,v}eFE veV

A: gl x [q] = Rsg Symmetric gxg matrix
- (symmetric binary constraint)

b:lq] — Rxg g-vector (unary constraint)

partition function:  Z; = % " w(o)
o€lqlV

Gibbs distribution:  pg(o) = ==



undirected graph G = (V, E) finite integer g = 2

configuration o € [q]"

weight: w(o) = || A(ow.00) |] blow)

{uv}€E veV

® 2-spin system: ¢ =2, o € {0,1}V

symmetric A = {CLOO am} b= [bo}
aio A1l b1

. Jo 1 R
® hardcore model: A = {1 1} b = 1
| .. 81 Y
® Ising model: A= [1 5] b= 1
® multi-spin system: general g =2 .
® Potts model: A = ! h = 1
® g-coloring: (=0 _ L 8. 1




Marginal Probability

undirected graph G = (V, E) finite integer g = 2

Gibbs distribution uc over all configurations in [g]”

V possible boundary condition o € [g]A
specified on an arbitrary subset AC)

marginal distribution u, at vertex vE V'

Voeld: pi(e)= Pr[X,=z|Xy=ol

w Z(G H AR (0;)



Marginal Probability

undirected graph G = (V, E) finite integer g = 2

Gibbs distribution uc over all configurations in [g]”

V possible boundary condition o € [g]A
specified on an arbitrary subset AC)

marginal distribution u, at vertex vE V'

Voeld: pi(e)= Pr[X,=z|Xy=ol

approximately approximately
computing L, <}::> computing Z¢

approx. inference approx. counting



Spatial Mixing (Decay of Correlation)

i, : marginal distribution at vertex v conditioning on o
weak spatial mixing (VWWSM) at rate o( ):
Vo7 € (g + [|u] — pillry < d(dista (v, A))

4 "~ boundary
Q2 . conditions
J ¢ - | "‘ O—
/T' \‘ /P‘ '(Tk‘Q

on infinite graphs:

uniqueness of infinite-
WSM <::> volume Gibbs measure

A < )\C(A) WSM of hardcore model

on infinite A-regular tree




Spatial Mixing (Decay of Correlation)

e - marginal distribution at vertex v conditioning on o
weak spatial mixing (VWWSM) at rate o( ):
Vo, (g |ug —ppllry < d(distg (v, A))
strong spatial mixing (SSM) at rate o( ):
Vo, T € [q]A that differ on A:  ||uo — ) ||7y < d(distg (v, A))

SSM
S

marginal probabilities
are well approximated
by the local information




Tree Recurrence

hardcore model: independentsetIin T pp(I) A

pr = Pr [v is unoccupied by I
I~pr

AL

Pr |u; is unoccupied by I |
INMTi



pr £ Pr [vis unoccupied by I
IN,UJT
Z7(v is unoccupied)

Z7(v is unoccupied) + Zr (v is occupied)

where

Zr(event A) = Z w ()
I: A holds




pr £ Pr [vis unoccupied by I
IN,UJT
Z7(v is unoccupied)

Z7(v is unoccupied) + Zr (v is occupied)

Product rule:

d
Zr(v is unoccupied) = H Zr,
i=1

d
Zr(v is occupied) = A H Zr. (u; is unoccupied)
i=1

d
_ Hizl ZTz‘
Hch:1 Zr. + A H:;Z:1 Z7. (u; is unoccupied)

1
E 1 + AH?zlpTi




pr & IPr v is unoccupied by I | o |
~HT

Z7(v is unoccupied A o)
Z7(v is unoccupied A o) + Z7(v is occupied A o)

Product rule:

d
Z7(v is unoccupied A ) = H Zr.(0;)
i=1
d

Zr(v is occupied A o) = A H Zr. (u; is unoccupied A ;)
i=1

d
_ Hizl Zr, (U’L)
HCIlzl ZT, + A Hle Zr1. (0;)(u; is unoccupied A ;)

1
p— 7 -
L+ A]]— Pr,




Tree Recurrence

hardcore model: independentsetIin T pur(I) N

pp & IPr v is unoccupied by I | o |
~ T

Occupancy ratio:

Prp|v is occupied | o]

R} =
T Pro[v is unoccupied | o]

= (1 —p7)/pT




Tree Recurrence

2-spin system: A= [aoo am] b= [60] pr(e) o< || aow.ow 1] bow)

ajp aii

uveFr veV

Occupancy ratio:

a Mobius
transformation



Tree Recurrence

hardcore model; 4 — {

0 1
I 1

'\

b = 1

Occupancy ratio:




R _ Priue[vis occupied by I]  Zg(v is occupied)
b Pr;.,..|v is unoccupied by I] o Z (v is unoccupied)




R _ Pr;.,..|v is occupied by I] Z (v is occupied)

N Pr;.,..|v is unoccupied by I] o Z (v is unoccupied)

Za (V1,...,0g =@ o)

G’ ZG’(UIP'w/Ud:O”°O)




R _ Priue[vis occupied by I]  Zg(v is occupied)
b Pr;.,..|v is unoccupied by I] o Z (v is unoccupied)

>
=
SH
N
“2
N\
-
p—t
c
&
|
O
O
N—"

' ‘ 11 .
.................................................................................... T
................................................................................ d
. 5 T v14...,4—-1 =—=0--+0
© : unoccupied = HRT,U. Bt g e
» Ui itlyeee;Uq = @
i=1

@® : occupied



Priue[vis occupied by I]  Zg(v is occupied)
Prioue[v is unoccupied by I]  Z4(v is unoccupied)

Za (V1,...,0g =@ o)

Gi Zar(V1,...,vg =0---0)

. o IL:]. ~ ~
.......................................................................................... 1—1 d—1
........................................................................ d
. i T4 U1, yUj—1 = O+ 0
© : unoccupied = HRT/ Vs v U= ®
» ¥ 1+1, y Vd —
1=1

@® : occupied




Tree Recurrence

Pr|v is occupied | o]

: R; =
hardcore model: Y Prlv is unoccupied | o]

1
H1+R§”

1=1

independent set / in G
p(I) oc AT

Pr[v; is occupied | o] Pr[vs is occupied | 03] Prlvs is occupied | o3]

o1 __
Rl

02 __
R2

03 __
RS

~ Pr[v; is unoccupied | o] ~ Pr[v, is unoccupied | o] ~ Prfvs is unoccupied | 03]

@® : occupied ) : unoccupied



Self-Avoiding Walk Tree

(Godsil 1981; Weitz 2006)

G V :ug in G = :ulc"joot in T 1 = TSAW(G7 U)
d
/CD )\H ! —
@ G @ © © (4) il a4t
0}
E—0 (4]

SSM in trees of max-deg <A:

SSM and approx. inference
in graphs with max-deg <A %

@ if cycle closing edge > cycle starting edge
' if cycle closing edge < cycle starting edge



Self-Avoiding Walk Tree

(Godsil 1981; Weitz 2006)
1 = TSAW(G7 U)

o . o :
G v Hy in G= Hroot M T D R b_() ﬁ CLOOR% + aop1
/L T bl P aloR% + a1
@ G—@ > 3 @
0}
&—0 @ O G

% (5) 6 6 (5)

SSM in trees of max-deg <A:

SSM and approx. inference p O <
in graphs with max-deg <A %
hold for 2-spin systems @ if cycle closing edge > cycle starting edge

. apo Qo1 b bo ' if cycle closing edge < cycle starting edge
- |ao  an B



Correlation Decay

hardcore model: "

A -------------- Z ____
.,

. *,

i4 LN

4 N

¢ — 00

~~ A-regular tree ™.

0. all leaves are occupied
7. all leaves are unoccupied

uniqueness threshold:  A:(A) = A

hardcore recurrence:  po _ ) T
1+




single-variate dynamical system:

10

0.8}

0.6}

04}

0.2F

(@) <1

A
(14 z)~1

flz) =
unique fixed point: £ = f(Z)

o @) >1

0.8}

0.6}

04}

0.2}




single-variate dynamical system:

A
(14 z)~1

fa) =

unique fixed point: £ = f(Z)

(@) <1

/

02 04 06 08 0

A< (1= 8)A(A)

1.0
0.8}
0.6}
A
A

04}

0.2F

f(@)] <1-6(9)

&

1.0

0.8}

0.6}

04}

0.2}

(@) > 1




Correlation Decay

d

hardcore recurrence: R7 =A]] o
(marginal ratio) i=1

1
R,

R € |0,00)

d
dynamical system: f(Z) = AH : - Where d <A -1

o 1+ z;
variation
at root
< 46(¢)
'@ | \,.,.’. - S)\.(A—l)
=~ arbitrary.initial values
Mean-Value Thm: if A<

RT — RY| = |f(&) — (@) = (V). (T — 7))

< IVFE1)1F = 7o < 0 max |z; — 1] = exp(~Q(0))




Correlation Decay

d

hardcore recurrence: R7 =A]] o
(marginal ratio) i=1

1
R,

R € |0,00)

d
: 1
dynamical system: f(z) = A]] 1 where d <A -1
variation '

at root
< 0(£)




Correlation Decay

hardcore recurrence:
(marginal probability)

dynamical system: f(z) =

variation
at root

< d(f)

Mean-Value Thm:;

pT = ——— pJi € (0,1
1+ AF.?:l P, o 0,1
1
y where d <A -1
Y [
N ~|9f(#)
= sup
. refo,1)4 ‘=7 | 0%
q @ \“ d 1
= sup f(Z)(1—f(2)) ) —
R GO L
@, R unbounded!
= ~* arbitrary.initial values
f(&) = f(@)] = VF(E), (& —2))
< |VFEIhZ — &|loe < - max|z; — ]

when p — R = 1=

p

. the decay rate a is reduced




The Potential Method

[Restrepo-Shin-Tetali-Vigoda-Yang 11]

original: potential (message):
3} L
f@):A[[le P = S(F (67 W), 0 (va))
Ly Yi — Qb(x%) Yi

Mean Value Theorem:
7@~ @) = [(VE G- 70| <IVFE T -7 o

d

= — d
5@ =317, g </ @@

(where &; = ¢(2;),and denote ®(z) = ¢'(x))

o(z) = 2sinh™*(v/z) = 21n (\/5 +Vax+ 1)

so that ®(z) = ¢'(x) = m

Choose:




original: potential:

1@ =215+ £ = BLF(&7 (1) 07 ()

Mean Value Theorem:

7@~ 1@ = [(VFE), G =)

(where & = ¢(2;),and denote ®(z) = ¢'(x))

o(z) = 2sinh™ ' (v/z) = 21In (Vz + Vo +1)

so that ®(x) = ¢'(z) = \/m
(Jensen) let z; = —In(z1 +1)

d

| then f(z) = Aexp (Z )

\/1+fa?zd;\/— \/1+f

(wWhere f(z) =

1=1

X; o Zs (e
A \/xz+1_\/e (e

(1+ )4 ) 5 is concave in z;




original: potential:

1@ =215+ £ = BLF(&7 (1) 07 ()

Mean Value Theorem:
@)~ @ = (VOG- < a7 -7l
_N U@ | @)

i:T | 0% P(x;)
(where & = ¢(2;),and denote ®(z) = ¢'(x))

o(z) = 2sinh™ ' (v/z) = 21In (Vz + Vo +1)

so that ®(x)=¢/($):m
(Jensen)
i < < PEI- i
1+f:z 1 1+f Ol =y1s

(where f(z) = i j\@d )  (where £ = f(2) is fixpoint)




original

d : : : A
single-variate dynamical system: r) =
f@=AI11 : ramicasystems S = e
=1 unique fixed point: £ = f(Z)
Mean Value Theot @) <1 . @) >
ro-ra
U I v
i—1 | O T
(where &; = ¢(x;), T
A< (1=9)A(A) Jrm <@ <z’
o) 7> o+ = f(a)
=> | I/@)I<1-60) ha
SO 1
Uensen)
R I i < VPG = /{2
1 + f — 1 + f 1+ 7

A

(where f(z) = L

)  (where £ = f(2) is fixpoint)



original: potential:

1@ =215+ £ = BLF(&7 (1) 07 ()

Mean Value Theorem:
1) — 7)) =
_N U@ | @)

i:T | 0% P(x;)
(where & = ¢(2;),and denote ®(z) = ¢'(x))

o(z) = 2sinh™ ' (v/z) = 21In (Vz + Vo +1)

so that ®(x) = ¢'(z) = \/m
(Jensen) (when A < Ac)
d
aj ~
\/1+fa? 2\/— \/1+f - < V@) <1

(where f(z) = i j\@d )  (where £ = f(2) is fixpoint)




original:
d

f(f):)\H 1—:337:

1=1

Mean Value Theorem:

potential:

fo@) = o(flo~ (1)s- - 67 (va)))

@) - P <alF—7 e <a'Ho(N) — $(0)]
when A < \. : < exp(—Q(4)) - (M) — @(0)

1 S, "
' i'@ "l PR ‘\_"’ -- ’
' %=~?arbitrary.initial values

-----

o\ _ Y- su :
< lo(R) ~ 6 (RD)|- s 5o
< exp(—£2(£)) - |p(A) — @(0)] - Zl[%)px] (I)(lx)

= exp(={U(0)) SSM with exponential decay!

o(z) = 2sinh~ ' (v/z) = 2In (Vz + Vo +1)

so that ®(z) = ¢/(z) = \/m




f@) = g3 > g(y) = (o (¥)))
T T Always
gb(gj) — 9 Sinh_l(\/E) contract!
X > Y
flz) = ( Ji\a:)d g(y) = 2arcsinh (\/X - cosh (%)_d>
N osl g (y)| <1 evep¥where!
0.8} ’f’(w)‘ o1 (If |f’(ff3)| < 1)
[fillE)| <1
. —
/ / '(f(z . d
Sl =17 @) =1 (when A== i)
(at the fixpoint = f(1))



Good Potential Functions

monotone () denote ®(x) = ¢'(x)

d
when A\ =\ = —fr

(1): consider f(z) = 1—:\:13)d :

(
U A it g - 1

(@)

(
)



G original: potential:
d
( f(Z) =/\H : o) = o(f(6~ (1), 0 (ya)))

1 -|-.’13'i
Mean Value Theorem:
7@ - 1@ = V@G- <o 1§ -7l
d ‘ — . d
- of(X)| ®(f(Z)) _ . o s 1
CON: o= g 5o | D@y ST@U@) ; 528D
(where & = ¢(x;),and denote ®(z) = ¢'(z))
‘f’(x ¢(x) = 2sinh~(\/z) = 2In (VT + VvV +1)
so that ®(z) = ¢/(z) = \/m

is concave in z;




Good Potential Functions

monotone () denote ®(x) = ¢'(x)

d
when A\ =\ = —fr

(1): consider f(z) = 1—:\:13)d :

(
U A it g - 1

(@)

(
)

@2). h(z) = S _ 1) is concave



1): cons

original:
d

= 1
r@ =211~

=1

Mean Value Theorem:

potential:

@) =o(f(¢ (), 0" (ya)))

@) - @) <alT—Tlleo < afHo(N) — ¢(0)]
when A < )\, : < exp(—=£2(4)) - |p(X) — ¢(0)]

T — pT| < |RT — RY|

\. “=~’arbitrary.initial values

1
< |6 (R3) — ¢ (R})| - sup
‘ ( T) ( T)| ;1:6[0’,\] (I)(.’I:)

gexp<—sz<e>>~ﬁ¢<x)—¢<o>|- D ]

x€[0,A] (D(ZB)
= exp(—Q(¢))

SSM with exponential decay!

¢(r) = 2sinh™ ' (vVz) = 2In (Vo + Vo + 1)

so that ®(z) = ¢/(x) = ﬁ
r\r




Good Potential Functions

monotone () denote ®(x) = ¢'(x)

A
(1): consider f(z) = o)

(
¢'(f(x)) _ df(z)®(f(z))

d
when A\ =\ = —fr

' (@)] S0~ (21 1)d(x) s Maximized at fixpoint & = f(z)
e . 1
@2): h(z) = ——; is concave C b\ — H(0)] - su < 50
Restrepo-Shin-Tetali-Vigoda-Yang 11]:
(Li-Lu-Y. 13]: |Restrepo (I)ln e_ ali 11g0 a-Yang 11]
& 1 (%) = Az + 1
— Ag (X
() Jer 1) | LiLeY. 12 @(2) = om0
Peters-Regts 17]: .
O(x) =

In(x+1
(z+ 11+ 2:%c—§n(+:%c)+1))



An Abstract View

BP operator [ . RJZVO N Rgo

Jacobian J = J(&F): Jij =

converges to the unique fixpoint when J(Z)1 < 1

V1 : Z OF:(7)

<1
P a.ij




An Abstract View

BP operator [ . RJZVO N RJZVO

monotone ¢:R>o—R>y denote ®(z) = ¢'(x)

. B} _ |9Fi(Z)
Jacobian J = J(Z): Jij = o1,
¢ _ TP - ¢ —
TE=TE = e et

converges to the unique fixpoint when J9(%)1 < 1

OF(Z) | 2(Fi())

Vi : ; &L’j () <1
. OF,(Z)| 1 1
Vii 2| or | %@y <E@)

J



An Abstract View

BP operator F' - RJZVO N RJZVO

Jacobian J = J(X): Jij = (£) _ )z J
8xj

converges to the unique fixpoint when

J(T)v(T) < v(F(7))

N N
for some v : RS, — R,

where v(¥) = (v;(x;)); for v; : R>g — R>g

V=v1PvoP---PbBuy vi(x):\/aj(x%—l)




Approximate Counting

:ug n G = :ugoot in T 1 = TSAW(G7 U)

G o
o @

o2

CI

[y is approximated within

additive error o < O(%)

> {)levels

<>
g-approx. of Zg(A) : truncated

@ if cycle closing edge > cycle starting edge
' if cycle closing edge < cycle starting edge



0-0
oy is

additive ¢

single-variate dynamical system:

[f@) <1

1.0
08¢
064

unique fixed point: £ = f(Z)

-
‘\
02 04 0.6 08 10

A< (1= 8)A(A)

=D | If/(@)<1-6()

A
(1+x)~-1

fa) =

(&) > 1 %W(G, U)
d
1
1=1 1 + R%

g << g

£-approx. ot Zg(4)

@ if cycle closing edge > cycle starting edge
‘ if cycle closing edge < cycle starting edge



Approximate Counting

G V :ug in G = :ulc"joot in T 1= TSAW(G7 U)
1 d
/(/) )\H 1 o
Q) G—Aa) 111+ R
o
&—0

[y is approximated within

additive error o < O(%)

; > {)levels
~ = truncated
g-approx. of Zg(A) . e T
total time cost: @ if cycle closing edge > cycle starting edge
n\ Olog A) . . .
< nAf = (_) ' if cycle closing edge < cycle starting edge
€

when )\ < (1 —6)A.(A)
for constant 6 > 0



Counting Independent Set

hardcore model: undirected graph G(V,E) with max-degree A

uniqueness regime: ) < (1 —§)A.(A) for constant § > 0
g-approx.. (1—€)Zc(\) <Z<(1+€)Za(N)

deterministic approximate counting:

O(log A)

time cost 7 FPTAS when A = O(1)

randomized approximate counting:

A > Ag(6) }
girth =7

> O (n?) time by Glauber dynamics

[Efthymiou-Hayes-Stefankovi¢-Vigoda-Y. 16]



Counting Matchings

monomer-dimer model: G(V,E) with max-degree A

Za(\) = > AIM]

M : matching in G

TSAW: f(&) =

d SSM with rate; 1 -0 (
[Godsil 1981] L+AY o

)
g-approx.. (1 —¢€)Zg(A) < Z<(14+e)Zg(\)
deterministic approximate counting:
time cost nC(VA21024)  EpTAS when A= O(1)

[Bayati-Gamarnik-Katz-Nair-Tetali 2007]

randomized approximate counting:

Poly(n,1/€) time by Jerrum-Sinclair chain



Correlation Decay Method

® Deterministic approximate counting by recurrences
for marginal probabilities:

® SAW-tree; [Weitz *06] [Bayati Gamarnik Katz Nair Tetali 2007]...
® computation tree. [Gamarnik Katz *07] [Nair Tetali’07]...

® Deterministic approximate counting by non-
vanishing polynomials.
[Peters Regts *17] [Bezakova Galanis Goldberg Stefankovi¢ 18]...

® Rapid mixing of dynamics by coupling.
[Mossel Sly *13] [Efthymiou Hayes Stefankovi¢ Vigoda Y. *16]...






