
Sampling up to the 
Uniqueness Threshold

Yitong Yin
Nanjing University

Joint work with: Charis Efthymiou (Goethe-Universität Frankfurt)
Thomas P. Hayes (UNM)
Daniel Štefankovič (Rochester)
Eric Vigoda (Georgia Tech)



Sampling Independent Set

• Sample (nearly) uniform 
random independent set.

undirected graph G(V, E) of max-degree Δ



Sampling Independent Set

• Sample (nearly) uniform 
random independent set.

• Δ ≤ 5 ⇒ poly-time

Conjecture: O(n log n) time

• Δ ≥ 6 ⇒ NP-hard

undirected graph G(V, E) of max-degree Δ



Hardcore Model

• fugacity parameter λ>0

• each independent set I in G 
is assigned a weight:

• distribution μ over all 
independent sets in G:

undirected graph G(V, E) of max-degree Δ

w(I) = �|I|

µ(I) =
w(I)P
I w(I)

• λ=1:  uniform distribution over independent sets
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Glauber Dynamics

pick a uniform random vertex v;
if u∉Xt for all v’s neighbors u:

else Xt+1 = Xt;

Xt+1 =

(
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1+�
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Markov chain {Xt}t=0,1,2,… over independent sets in G(V,E) 
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Glauber Dynamics

pick a uniform random vertex v;
if u∉Xt for all v’s neighbors u:

else Xt+1 = Xt;

Xt+1 =

(
Xt [ {v} with prob. �

1+�

Xt \ {v} with prob. 1
1+�

Markov chain {Xt}t=0,1,2,… over independent sets in G(V,E) 

transition Xt → Xt+1 :

ergodic, irreducible
time-reversible w.r.t. μ

Markov chain
convergence Thm  Xt → μ as t → ∞

mixing time: ⌧mix = max
X0

min{t | dTV(Xt, µ) < 0.1}

[Glauber’63]
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Theorem (Efthymiou-Hayes-Štefankovič-Vigoda-Y.’16):
∀δ>0, ∃Δ0 s.t. τmix=O(n log n) for all graphs of max-

degree Δ≥Δ0 and girth ≥7 when λ≤(1-δ)λc(Δ).
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∀ coupling (Xt’, Xt’’) of Markov chain Xt :
Theorem (Griffeath’78, Aldous’83):
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min{t | Pr[X 0
t 6= X 00

t ] < 0.1}
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If there is a metric Φ(·,·) over all states for the chain
and a coupling (Xt, Yt)→(Xt+1, Yt+1) for adjacent (Xt, Yt)
  s.t.:

Path Coupling
Theorem (Bubley-Dyer’97):

E[�(Xt+1, Yt+1) | Xt, Yt]  (1� ↵
n )�(Xt, Yt)

⌧mix = O
�
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↵ log n
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If there is a metric Φ(·,·) over all states for the chain
and a coupling (Xt, Yt)→(Xt+1, Yt+1) for adjacent (Xt, Yt)
  s.t.:

Path Coupling
Theorem (Bubley-Dyer’97):

one-step optimal coupling:

v
u

is minimizedPr[Xt(u) 6= Xt(u) | u is picked in step t]
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v
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n )�(Xt, Yt)
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Belief Propagation

Ti

v

vi

in Ti

T
µ(I) / �|I|

independent set I in T

v1 vd

!v =
dY

i=1

1

1 + �!i

[Pearl’82]

!v = Pr[v is unblocked | v 62 I]

= Pr
I⇠µ

[8vi 2 N(v), vi 62 I | v 62 I]

!i = Pr[vi is unblocked | v 62 I]

Belief propagation (BP):
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one-step optimal coupling for (Xt, Yt) that Xt⊕Yt = {v}
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Local Uniformity

[Dyer-Frieze-Hayes-Vigoda’04] [Hayes-Vigoda’05] [Hayes’13]
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Summary
• Optimal mixing time for Glauber dynamics for the 

hardcore model in the uniqueness regime         
(when degree is big enough and there is no small cycle).

• Connecting rapid mixing of MCMC sampling with 
BP convergence:

• If BP converges, there probably is contraction 
for Markovian coupling.

• Path coupling “from art to science”.

• Open problem: get rid of the degree and girth 
requirements.

Charis Efthymiou, Thomas P. Hayes, Daniel Štefankovič, Eric Vigoda, Yitong Yin. 
Convergence of MCMC and Loopy BP in the Tree Uniqueness Region for the 
Hard-Core Model. FOCS’16. arxiv: 1604.01422.



Thank you!
Any questions?


